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Preface

These lecture notes are those of a course to be considered as a
complement of functional analysis, intended for fourth yea

&

students in Applied or Pure Mathematics (or higher), having also
followed a course on measure and integration. It is the restlof the
author's teaching since 1991 of the course \Compkments dAnalyse
{ Treorie des Semi-groupes" to fourth year Mathematics students
of the University of Namur (FUNDP), and to graduate students of
the \Diplome d'Etudes Approfondies (DEA) Interuniversita ire en
Mathematiques" of the French speaking community of Belgium.
The course handles essentially 1) semigroup theory : gendization
of the exponential T(t) = €™ where A is a linear operator, more
precisely an endomorphism on a Hilbert spac& , which is closed
and densely de ned, and 2) the solution of the related Cauchy
homogeneous problem {(t) = Az(t)) and its controlled version
(z(t) = Az(t) + f(1)).

The results allow to study the evolution of dynamical systens
governed by partial di erential equations (heat, wave equdion ...)
or by di erential equations containing delays, having as state space
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a Hilbert space Z that is in nite-dimensional and separable.

A short description of the subjects is: Intuitive transform ation of
the solution of the heat equation as the solution of a contrdled
Cauchy problem mentioned above. Properties of strongly
continuous semigroupsT (t) = e* and their generators A
(Hille-Yosida generator existence theorem) and the solutn of the
associated homogeneous Cauchy problem given By(t)zq = e z.
Particular cases: contraction semigroups and the case wheriZ has
a Riesz basis of eigenvectors A& (generalization of an orthonormal
basis). Solution of the controlled Cauchy problem: existege of
classical solutions (continuously di erentiable), strong solutions
(absolutely continuous), and weak solutions (weakly absaltely
continuous), represented by the mild solution correspondig to the
variation of constants formula. Perturbed generators, corespon-
ding to the controlled Cauchy problem, where one puts

f (t) = Dz(t) (state feedback).

For more detail see the table of contents. There are also cohaling
remarks and a list of references at the end.
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1 Semigroups: Motivation + De nition

Consider the di erential equation
z(t) = Az(t) + Bu(t) z(0)= z02 R"

whereA2 R" " B 2 R"™ M z(t) 2 R" is the state, and

u(): R+ ! R™ is a piecewise continuous control.
It is well known that
y4 t
z(t)= efMzp+ U 9Bu(s)ds : (1.1)

0
Generalization of (1.1) whenz(t) 2 Z is a separable Hilbert state
space?
Example 1.1. Consider the heating of a metal bar of unit length

described by the heat equationi.e.

3 9
% %?X,t): %(X,t)"‘ U(X,t) E
z(x; 0) = zo(X) 2

W

:

where

@z .._._ @z . . .
@io,t)_o_ @zl,t), t 0 x2[01]:

z(x;t) = temperature at x at time t

u(x;t) = density of heat at x at time t

Zo(x) = initial temperature; the bar is isolated at x =0 and x = 1.
Choose state space Z = E(0; 1) i.e. 8t 0 z(;t):= z(t) 2 L?(0; 1).
Moreover8t 0 wu(;t)=: u(t) 2 L?(0;1), z(;0) = zo() 2 L?(0;1).
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De ne the operator A:D(A) Z! ZandB :Z! Z such that:

8
dh d?h
_ 2(0- 1) - he N Lahn 2(0-
D(A) = h2 L“0;1): h; x are AC; e 2 L“(0;1)
dh(0) dh(1)
=0=
dx dx (1.3)
Ah = d2_h 8h 2D (A)
— dx?
' Bu= u ie B = Iz =identity.
* @ . —_ . . n
formally (1.2) reads \@? 1) = Az(;t)+ Bu(;t)"
Let us indicate formally how to obtain the solution of (1.2) in the
form zZ,
z(t)= efMzp+ U SBu(s)ds : (1.4)

0
Assume that z( ; ) and u( ; ) are su ciently smooth.

Let f »g,,y b€ @ ON (orthonormal) basis of Z such that
( )
1; n=0
n(X) = —
2cosnx;, n 1
* Z .
m(X) n(X)dX = mp (1.5)
0
and
dn() _,_ dn(1)
x 0= 1z (1.6)
wheref gnh2on D (A). Put (separation of variables)
X
z(x;t) == zn(t) n(x)
9( 0
u(x;t) := Un (t) n(X)
n 0

10

%

%



X
Zo(X) = Zon n(X) :
n O
@ @
Note by (1.6) that —io;t 0= 2111
y (1.6) @ ) @ )
In addition |, will be such that
dz | 5
= where ,= n“ n 0

dX2 n n
(eigenvectors ofA asA , = ,
Z, X
z(x;t) pn(x)dx =
0 m O
z 1

and similarly
0

Hence multiplying (1.2) by

Zm (1)

n). Note that
y4 1

m(X) n(X)dXx = z,(t)
0

u(x;t) n(x)dx = un(t).

n(X) and integrating with respect to

&
11
x 2 [0; 1] gives
dzm, (t
"0 ) a0 =
0 m O
21X () 12X
= Zm (t)T n (x)dx + Um () m(X) n(x)dX
0 m 0 0 m 0
l.e. 7
X dzn(t) ~ 1
070 =
m O 0
X Z, X Z,
= m Zm (t) m(X) n(X)dx + Um (t) m(X) n(x)dx
m O 0 m O 0
such that8n 0
zp(t) = nZn()+ un(t); t O
z,(0) = Zon
&

12
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Z 1
Thus8n 0: z,(t)= etz + et Sy, (s)ds. Thus
0
X
z(x;t) = Zn (1) n(x) =
n O
X X 4t
= e "'Zgn n(X)+ e Sy, (s)ds n(X) :

n O n O 0

... Writing di erently ... forgetting x...
X Z thx i

z(t) = z(;t) = e "'zogn n()+ e 9y (s) n() ds=
0 0 0
| —{z—1 | {z }
A A
Zt
= A+ [A]ds:
0
13
As A , = , , one has formally
A ~ X [At]™ _ X [ ot]m o
n — ml n — ml n n
m O m O
l.e.
et oa=ent
X n n
Take z 2 Z then z = , such that
N
2R
X
Mz()= z e ()= ez, n()
n O n O

Hence we get

X X
A= ZOneAt n()= eAt Zon n()= eAtZO()

n O n O

X X
A= uy(s)ett ¥ ()= Al ¥

n O n O

un(s) n()=

14
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= At Sy(:s) = Al Sy(s) T At SIBu(s) :
B:|z
Thus formally for t 0O
Z

z(t)= z(;t) = & Fm+ teNt S) F?és?ds ;
.22. 0 _22_

"It works", but questions:
"A generatese™ : Z! Z"?

Integrals and derivatives of functionsz( ) where 8t z(t) 2 Z =
Hilbert space?

In the sequel we shall denote2™ (t 0) asT(t), "T(t)= eM"is
called asemigroup of (exponential) operators.

Furthermore we shall assume that Z is a separable Hilbert spee.
De nition 1.1. A family of operators fT(t)g: o L(Z) such that

15

a)
T(t+s)=T(t)T(s) tts O (1.7)

b)
T(O)=1 (1.8)

C)
82227 lim kT(t)z zk, =0 : (1.9)

t! o*
Is called a G{ semigroup (Co{SG).

*

a) (1.7) is the SG (semigroup) property of operators i.e. the
operator{valued function t 2 R, 7! T(t) 2 L(2) is closed
under composition on the semigroup R ; +) (i.e.

t;s 07! t+s=) TWH)T(s)= T(t+ 9)).
+ fT(t)g,g L(Z) is a group of operators if the function
t2R7! T(t) 2 L(2)is closed under composition on the

16
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group (R;+)i.e. ;s2R 7! t+s=) T()T(s)= T(t+ s).
Note that in this case with s= t

TOT( )= T( O)T(t)= T() = I
whence
8t2R T@{) '=T( t2L©@ :

b) (1.9) is the property of strong continuity of T (t) at O+, i.e.
82227 t 07! T(t)z2 Zis continuous ink k, at O+,
If T(t) is continuous at 0+ in kk,  then we shall say that the
Co{SG is uniformly continuous.

c) Later on we shall denotef T(t)g, , by T(t) or e*.

Example 1.2. Let A2 L(Z) and e := [A;;[I]” 8t 2 R. Then
e g 1S @ uniformly continuous Co{grglzjop.
17
Proof. Observe that
e L(2) ) kAt:F(Z) = efthm <1
n=0

(series is absolutely convergent irk k. @ independently of the
order of summation). Thereforee™ 2 L(Z) 8t 2 R. Moreover

1) M =

2)

A A

- kAt k l

L(2) n! € - 1|'{Z} 0
n=1 L (2) th 0

=) uniform continuity at t =0.

3) 8;s2 R efMets = eAt+s) Indeed (by the binomial formula)

Mt

At+ s)]k _ [At+ As< X [At]" [As]k ™
k! - k! - m! (k m) "’

m=0

18
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6
%
@l+n:k

@
@k-m

Figure 1.1: Principle of changing the indices of summation

whence
m n Figure 1.1
At gAs = [At]™ [As] Z}j{
mn 0 m! n!
X XA sk M R A 9 | aes
- m! (k m)! B k!
k=0 m=0 k=0

Example 1.3. LetZ=L?0;1)and T(t):Z! Z be the
&

19

left-shift operator dened by 8¢ 0 8h 2 L%(0;1 )
[T(t)h](x) = h(x+t) x O
Then fT(t)g, , is a Co{SG.

Proof. 1)
YA 1 YA 1

KT (t)hk3 = 0 jh(x + t)j° dx = jh(y)ji®dy k hk3
t

(=if h(x)=0for [0,t) =)k T(t)k_ =1,
Tt)2L(Z) 8t O.

2) 8t;s 0 T()T(s)= T(t+ s). Indeed
[TOTS)NI(x) =[T(s)h](x+ 1) = h(x+t+s) =[T(t+ s)h](x) :

3) 8h2 L%(0;1)=2Z: KkT(t)z zk,! O(t! 0+). Indeed
without loss of generality h( ) is continuous with compact

20
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support (dense in L?(0;1 )). Hence

y4
KT(t)h hk3 = 1jh(x+t) h(x)j* dx =
v
= ih(x+t%z h(x)jidx! 0 (t! 04)

I 0(t! 0+) N
N { uniformly in x 2 [0; T] becauseh( ) is uniformly continuous
on [O; T +1].
H

Example 1.4. Let Z be a separable Hilbertxspace and let g, ;

be an ON basis of Z, whence8z2 Z: z= he; i n.
n 1

Letf ng, ; R

21

Dene 8 0 8z27Z

X
T(t)z = erthz; i oo (1.10)
n 1
Then
1) fT(t)o, o L) 0 su;lj n<1l.
n

2) sup <1 (f T(t)g, o is a G{SG.
n 1

Proof. 1) f ,0,,y ON basis of Z 5
2 X . )
KT (t)zks = e tihz; Lij°
n 1

Let =Sup n
n 1

U:if < 1 then8n 1 €t €t
HencekT (t)zk; €' kzk® 8z2 Z,

22
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whencekT (t)k_, e' 8t 0,

and thus T(t) 2 L(2).

b :if KT(t)k ) <1 then
KT(t)zk Kk T(t)kkzk :

Choosez= ... T(t) m=e™' .,k mk=1whence

em!=kT(t) mk k T(Hhk<1l 8 m:
It follows that %In kT(t)k< 1 8 m, whence
=sup m<1.
* One nds kT(t)k=¢ets%® n t OQ;
= kok=1=)k T(t) nk=ent k T()k €sP » =)

=)k T(hk= P »

2) U: This is obvious asT(t) 2 L(Z) 8t O.

23

p:8 0 T(t) 2 L(Z). Moreover we get:
The SG Property: Indeed8z 2 Z

X
T{)T(s)z = e”thT(s)z; nl n =
%1 DX E
= ent e™®hz; mi m; n n=
1 m 1
iz} e "("tg; i = T(t+9)z
n 1

hm; ni= mn

Strong continuity at O+. To see this, take t 2 [0; 1], and consider

X
KT()z zK%= et 175he; 42
n 1

where fort 2 [0; 1] with  :=sup ,
n 1

ert 1%z 42 (& T+1)%jhe; Hij%2 L

24
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and
8n im ert 1°=0 :
t 0+

Hence by the discrete dominated convergence theorem

X
fim et 1%jhe; 4ij2=0 :
' n 1

*

Example 1.1 is a particular case of Example 1.4 with Z = 1?(0; 1),

8
<

) 1; n=0
n= ()2 0 (0= p

2cosnx; n 1
In this casefT(t)g, , L(2)is a Co{SG with

KT()k = 'S n =1

25

2 Interlude: Mathematical Tools

2.1 Theorems of functional analysis

Theorem 2.1 (Uniform Boundedness Principle). X =
Banach space, Y = normed space. LetT g 2o L(X;Y). Let
8x 2 X supkT xky < 1. Then supkT K .y < 1.

2A 2A '

Theorem 2.2 (Limit operator). Let X and Y be Banach spaces.

Let S X bedensein X. LetfThgnon  L(X;Y) such that:
a) KTnk_ x.yy <M 8n

b) lim Tox2Y 8x2Ss.

Then:

1) nI!ilrn Thx2Y 8x2X

26

%

%



&

2) 99T 2L(X;Y) suchthat 8x2 X

Tx=Ilim T,x (2.1)
nil

3) KTnk_ (x.v nI!ilm inf KTnk (x.y) -
* (2.1) 0 T is the strong limit of the T,.

2.2 Measurable functions with values in Z

Z = separable Hilbert space.
De nition 2.1. f: R! Zisweakly measurablea 8z 2 Z,

H();zi: R! Ris measurable i.e. (valid for Z = Banach space)

8 2L(Z;R),"[f()]: R! R is measurable.
Theorem 2.3. f :R! Z measurable 3k f()k,:R! R
measurable.

Proof. Letf ,gn2on Z be an orthonormal basis of Z. Then

27

nx O1=2

ki ()k = jhf (); nij? IS measurable because the series of

n 1
measurable functions is measurable and the root of a measure

function is measurable.

Z = Banach space.

ClassCV:=
ff():R! Z measurable taking countably many valueg

(R; E; m) = Lebesgue measure space oveR

f2CV ()4 f(): R!" Zand9 E; ilzl E such that

I
R= Ei (disjoint union) and 9 f Z such that
i=1
b S
f(t)= fi g (1).
i=1
Denition 2.2. f(): R! Zis strongly measurable

=

28
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09 fa() . CVsuchthatkf(t) fa(tk,! O (n!1 )
almost everywhere.
Theorem 2.4. (Hille and Phillips, 1957)

f () is strongly measurable )
1) f () is weakly measurable
2) Imagef () is separable almost everywhere

i.e. 9 S countable such that Imagef () almost everywhere S.
Theorem 2.5. (Hille and Phillips, 1957) If Z is separable, then
f(): R! Zis strongly measurable () f(): R! Zis
weakly measurable.

Proof. 9S countable such thatS = Z, whence Imagef () Z =S,
2) is satis ed. [

* Henceforth Z will mean a separable Hilbert space and we shall

29

simply say that f () is measurable
1) Sums, products, limits measurable
2) Norms and scalar products measurable

3) f () strongly continuous =) f () weakly continuous =) f ()
(weakly) measurable.

2.3 Integrable functions with values in Z

De nition 2.3.  f 2 CV is integrable 0* f2cvy Lt
b3
f(t)dt: = fim(E;) converges absolutely i.e.
ZR i=1
b3
kf (t)kdt = kfikm(Ej) < 1.
R i=1
Denition 24. f(): R! Zis B{integrable ( Bochner-,

. strongly integrable) (* f 2 L'=LY(R;2)

30

%

%



09 fa(); CV\ L!suchthat

kf (t) fn(t)k, ! O (n!l1l ) almost everywhere (2.2)

and 7
KF(t) fa(Dk,dt! O (N1l ) (2.3)
R
and then Z 7
(B)  f(t)dt:= lim  f,(t)dt2 Z (2.4)
R nlil R
and 7 7
Kf (hkdt = lim  kf,(kdt2 R : (2.5)
R nll R
* CV\ L!is alinear space and8f 2 CV\ L!?
Z Z X X
f (t)dt Kf (hkdt, = f, m(E;) kf (km(E;) U
2 Notes:

&

31

a) (2.2) ( f()is measurzable.

b) By (2.3) the sequences fn(t)dt Z and
Z R

Kf,(t)k dt R are Cauchy ones such that the limits in

the right-hand sides of (2.4) and (2.5) exist.

= With m>n 11
Z Z Z Z

fmdt  fodt = (fm fn)dt kfm fokdt
Zz Wiy  Zay
kf, fkdt+ kf fykdt! O:

Moreover
Z Z Z

kf o kdt kf kdt =  (kfnk k f k)dt
Z YA

jkfmk k frkjdt kfm fokdt! O u

32
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c) (Hille and Phillips, 1957):
Theorem 2.6. §(): R! ZisB{integrable f()is

measurable and kf (t)kdt< 1 .

R
De nition 2.5 (Weakly or Pettis{integrable (Hille and
Phillips, 1957)). f(): R! Zis P{integrable ()

f () is measurable and8z2 Z H();ziz 2 L* (2.6)

and then 2

9 (P) f(t)dt2 Z such that

Z R z (2.7)
(P) f(dtz = H(({t),zidt 8z2Z:

R Z A

Justification
Theorem 2.7. f()is P{integrable=) W: z! L':
z7! Wz:=H();zi is closed and thus (closed graph theorem):
W 2 L(Z;LY).

33

1

Eroof. Let fz,gnon  Z such that z, 1~ z and Wz, - y i.e.

H(t);z,i y()dt! O (n!l1l ). Then without loss of
ggnerality (extraction of a subsequence) (Corollary of the
Riesz{Fisher Theorem) y(t) = rLler H (t); zni = K (t);zi almost
everywhere. Thus

y()Lzlh‘();zi =Wz :

Corollary 2.1.  f ()js P{integrable =) the functional

J:z22Z7! Jz:= K (t);zidtis bounded, i.e.J 2 L(Z;R).
R

Proof.
Z Z

jJz] = HF (t); zidt jhf (t); zij dt .= kWzk .
R R

34
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whence with W 2 L(Z;L%):
9z) k Wk 7. 1ykzk, 822 Z:

Justification of (2.7)

With J 2 L(Z;R) one has by the Riesz representation theorem
z z

9 (P) f()dt2Z suchthat Jz= (P) f(t)dt;z
R R

One obtains (2.7).
Theorem 2.8. Letf(): R! Z beB{integrable. Then

a) () is P{integrable
z

b) (B) Rf(t)dt=(P) f(t)dt

R

35

Z Z
c)  f(t)dt kf (t)k dt.

R R

Proof. a) f () is B{integrable

=)k f()k2 L*whence8z2 2z jh();zij k f()k kzk2 L* :

Thus H ();zi 2 L, whencef () is P{integrable.

b) without loss of generality f () 2 CV\ L! as it is dense in L .

X X Z
f()=  f; g (t)suchthat kikm(Ei)= ki ()kdt :
i=1 R

Thenwith z2 Z

Z , Z Z Dyt E
(P) f(t)dt,z = H(t);zidt= fi g,z dt=

R R R i1

36
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Z X - X -
|{2} - Hi,Zl Eidt |{2} | Hi,Zlm(Ei)
h:i is continuous 1=1 E; are disjoint =1
z Dyt E %
(B) f()dtz = fim(Ej);z = Hi;zim(E;) :
R i=1 i=1
c) B {integrable =) 9f f,gnon CV\ L?! such that
Z Z Z Z
fdt =lim f,dt and kf kdt = Ilim kf ,kdt; where

yd yd ya ya
8n2N  f,dt kf  kdt ;"= fdt kf kdt

L]

37

2.4 Important integral theorems

Theorem 2.9 (Dominated convergence). Let
ffagnon LY(R;Z)andf : R! Zsuchthat kf,(t) f(t)k! O
almost everywhere o !'1 ). Assume that

9g2 LYR;R,) such that 8n kfn(t)k, g(t) almost everywhere:
Z Z

Then: f 2 LY(R;Z) and f(t)dt= lim  f,(t)dt.
R n!l R

Proof.
R

kin(Dk o) ™) k f()k gt)2Lt=) f()2L(R;2)
Z Z

=)k fo(t) f(k 2g(t) 2 L =) fdt fodt =
Z Z
= (f f,)dt kf fokdt! O (dominated convergence)

38
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Theorem 2.10 (Exchange with A closed). Let
A:D(A) Z!' Zbeclosed andf () 2 D(A) almost everywhere.
Let f 2 LY(R;Z) and Af 2 LY(R;2).

Then 7
f(t)dt2D(A) ;
R
and 7 7
A f()dt= (Af)(t)dt :
R R
Short proof. Without loss of generality f () 2 D (A) and
f 2 CV\ L? such that
z X
fdt = lim fim(E;) = lim x,
n'l 21 n'l

39

f()2D(A) =) f(1)2D(A) 8t =) f, 2D(A) 8i=)
=) X, 2D(A) 8n:
Moreover, Af 2 L' and
Z X0
Afdt = lim  Afm(Ej) = lim AX, :
n!l n!'l

i=1
Z Z Z

SinceA isclosed f(t)dt2D(A)and A f(t)=  Afdt.

Theorem 2.11 (Di erentiation under the sign of the

integral). | = open interval. Consider f (t; ), (t; )2 R 1.
8 21:f(:)2LYR;2) and dgf(; ): R! Z exists almost
everywhere.

9g() 2 L*(R; R, ) such that:

81; 21:kf(; 1) f(; )k 9()j1 | almost everywhere.

40
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h
Then - -

82I:£f(;)2L1(R;Z)and£ f(t; )dt= d
d d &

—f (t; dt.
G

Proof. For using dominated convergence, let; 1 2 |, and consider

LI IG LI

1! 1

Kf(t; 1) f(t )k
1]

Observe that
by Theorem 2.9

g(t) almost everywhere. Hence

Z
dif(; )= lim PG fE )2L1(R;Z)and dgf(t; )dt =
vz ! z OIzR
= lim f(t; ;)dt f(t; Ydt = — f(t )dt:
1! 1 d R
0
%
41
$

2.5 Closed densely de ned operators

We shall considerA 2 CD(2) i.e. A: D(A) Z! Zlinear,
closed such thatD(A) = Z.
De nition 2.6 (adjoint of A). A : D(A) Z! Zsuch that

8x2D(A); 8y2D(A ) hy;Axi = hA vy;zi
wherey 2 D (A )i the linear functional
fy: x2D(A) 7! fy(x)= hy; Axi
is bounded i.e.
9Ky :  jfy(x)] = jhy; AXij  Kykxk 8x2D(A) :

2 Notes:

1. As D(A) is dense in Z,fy has a continuous extension
fy 2 L(Z;R). Hence by the Riesz representation theorem
%
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9! A y 2 Z such that
fy(x)= hy; Axi = hA y;xi :

2. kerA is closed:; and
Theorem 2.12. (Rudin, 1991) A 2 CD(2), A = A,
(ker A)? = ImageA .

3. Alisself{fadjointi A=A ie. D(A)= D(A )and Ax = A X
8x 2 D (A).
Example 2.1. f ,90,,y R.f ng,,n ON basis of Z.

X n X 0

Az = Wbz nion; DAY= z27Z: i nhz: aij?<1
n 1 n 1

Then A2 CD(Z) and A = A .

43

3 Semigroup Theory

3.1 Strongly Continuous Semigroups
3.1.1 Bounds, continuity and growth constant

Theorem 3.1 (Elementary properties of a C o{SG). Let

fT(t)g, , L(Z) be a Co{SG where Z is a Hilbert space.

Then

a) kT(t)k is bounded on any interval [QT], T > 0

b) 8z22Z t 07! T(t)zis continuous inkk, i.e. t 7! T(t)is
strongly continuous i.e. of class @

1 1
I A= — I~ =i Z
c) If lg: |tr;f0 " InKT (t)k , then ! It|!mO " INKkT(t)k < 1

d) 8!>! ¢ 9M, 1suchthatkT(t)k M, e".

%
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* 1, iIs called the growth constantor type of the Co{SG.

Proof. a) Step 1:
9 > 0andM 1suchthat kT(t)k M 8t2][0; ]:

+ Proof by contradiction: If not, then 9ft,g, t, ! O+, such

that kT(tp,)k !'1 . Thus by the uniform boundedness

principle 9z 2 Z such that KT (t,)zk ! 1 (@ for if not, then

8z 2 Z: supkT(tp)zk < 1 , whence (UB) supkT (t,)k< 1 U).
n n

ThereforekT (tn)z zk k T(th)zk k zk!1 , whenceT(t)
is not strongly continuous at 0+ : impossible. u

Step 2:

8t 0 KkT()k M, e'; ! := 1linm

To see this, observe thatt 2 R, =)9 I'm 2 Z, such that

45

t=m + where 2][0; ). Thus
T(t)=T(m + )=T()"T() ;

whence

"t
kT(t)k k T()k™KT( )k Mm™* M ME =

= YInM) e =M*°
é\ﬂ{ Me' :

HenceT(t) is bounded on [QT] 8T > 0.
b) Lett Oands> 0, thenwith z2 Z

KT(t+s)z T(t)zk k T()kkT(s)z zk Me" KT 2

I 0(s! 04+)
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Moreover fort> 0 and s > 0 su ciently small
t
z} {
KT(t s)z T(t)zk= Tt s) kz T(s)zk
Me kz T(s)zk :
20

I 0(s! 04)

Therefore S'Iir(r)1+ KT(t s)z T(t)zk=0, whence

t 07! T(t)zis continuous inkk,.

c) Lettp>0andM = sup kT(t)k. Nowforallt 09'n2Z,
t2[0;t0]

such thatt = nto+ where 2 [0;tg). Therefore
1
t YInkT(t)k=1t YInkT(to)"T( )k %In KT (to)k + fInM ;

Case I If kT(to)k> 1, InkT (tg)k > 0, whence, with

47
Nt <t =) L 1.
0T Tty
t InkT(t)k tolln KT(to)k+t 1InM : (3.1)
Case 2 kT(to)k 1, InkT(tg)k 0O, whence, with
Nty _ t t to_
t ot t
t t
t InkT(t)k 0 tolln kT (to)k+t YInM : (3.2)

Thus by (3.1) and (3.2)

limsupt *InkT()k t,'InKT(to)k < 1
t!1

with to arbitrary. And hence also
limsupt YInkT()k inft 1InkT(t)k
ti1 >0

Iitrplinf tolln KT(t)k limsupt *InkT(t)k< 1
: th
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Therefore

Lo = inf t LInkT(Dk= fim t *InkT(Hk<1 :  (3.3)

d) IfI'>1 ¢ then by (3.3)
9tgsuchthat 8t to t 1InkT(t)k !
whencekT (t)k €' 8t2[ty;1)i.e.
e " kT(t)k 1 andhence bounded on tp;1) : (3.4)
But kT(t)k and e ' is bounded on [Qto] whence
e ' kT(t)k is bounded on [Oto] : (3.5)
By (3.4) and (3.5) e "' KT (t)k is bounded on [01 ) i.e.
9M, 1suchthat kT(H)kM,e' 8t O:

49

Example 3.1. For Example 1.3 (left-shifts) 8 0 kT(t)k=1
whence! o = lim t LinkT (t)k = 0.

For Example 1.4 (ON basis, sup , < 1)
KT(t)k=¢€S%P » t 0

whence! ¢ =sup . For Example 1.1! 4§ =0.

3.1.2 Generators and homogeneous Cauchy problem

De nition 3.1.  Let Z be a Hilbert space andfT(t)g, , L(Z)a
Co{SG. We call (in nitesimal) generator of fT(t)g, , the operator
A:D(A) Z! Zwhere

z2D(A) (" Jim t Tz 2122 (3.6)
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(existence of the strong derivative oft 7! T(t)z at 0+) and then
— i 1 .
Az = tI!m?)+ t [T(t)z 2Zz]:

Example 3.2. 1. If T(t) = " where A 2 L(Z) then the
generator of T(t) is A and D(A)=Z. Infact 8z 2 Z

t 1 Mz 7z tAz t 1 A | tA kzk
t 1 Atk 1 k Atk kzk
I {z }
0 (t 04)
d kAt k _
because —e¢e = kAKk.
dt =0+

2. Cfr. Example 1.3 (left-shift operator):

[T(h](x)= h(x+1); h2Z=L2%0;1) :

51

If h2 D (A) then

lim ( ”1 O _an))2z=L201) :

whence (using a Corollary of the Riesz-Fisher Theorem)
+
M h(x tz h(x)

il = (Ah)(x) almost everywhere :

Thus dh
L2 an g o .
Ah—dXZL(O,l),
"whence"
2 dh
D(A)= h2L“0;1): hACand d—XZL(O;l) :
dh
Ah—d—x.

This result can be proved rigorously using the resolvent ofA
(see Example 3.3 below).

%
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3. Cfr. Example 1.4.

X
T(t)z = erthe; ni n

n 1
wheref gn2on IS an ON basis of a separable Hilbert space Z,
andf ,gnon Rissuchthat! g =sup , < 1. Then the

generator A is given by:
_ . x . .2 - . .2 .
DAY= z2Z: j nj7jhz; nij°<1 (3.7)
n 1
Az = nhz; nl n (3.8)

n 1

Proof. Let & be the operator de ned by the right-hand sides of
(3.7) and (3.8). We show that

A=AR& ie. D(A)=D(R) and Az= A&z 8z2D(A)

53

Step 1. D(A) D (K) and Az = Az 8z2D(A)
z2D(A) Jim -t Tz z]l=y2z=)
=) 8 n lim t Wrtyz z; ni=hy: qi=

=lmttert 1he iz . he i

t! O+
X 2
Hence asy 2 Z: j nhz; nij° < 1, whencez 2D (K).
n 1
Moreover X
Az =y= nhz: i on = Az
n 1

Step 2: D(&K) D (A).
Zt

Note that e ! 1 ,t= |, enS 1 ds. Take
0
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I'> maxfO;sup ng. Then 8s 2 [0;t]
e nS 1 e'S e't

whence
ert 1 .t ] atjet

Now with z 2 D (&)

2 X nt 2
T(t)tz z & = e 1 nt ihz: nij2
el
I 0(t! 04)

and with t 2 [0; 1]

2. . 1. 2. .
t 2ert 1 nt jhz; n|J2 62'1 nlzl?%; n”i :

2°1 as z2D (&)

55

Therefore by the discrete dominated convergence theorem
8z 2 D (R) Jim -t YITt)yz z]= &Rz 2 Z thus z2D(A) :

L]

Theorem 3.2 (Generator properties). Let A be the generator
of a Co{SG fT(t)g, , L(2). Then

a) 8z2D(A): T{t)z2D(A) 8 O
b) 822D (A): %[T(t)z] = AT (t)z = T(t)Az

c) 8n2N; 82D(A"): 8 0 T(t)z2D(A") and
n

(;j? [T(t)z] = A"T(t)z= T(t)A"z
Z
d 82D(A): T{t)z z= tT(S)Azds
0
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Z Z

e) 822 7Z: T(s)zds2D(A)and T(t)z z=A T(s)zds
0 0

f) A2 CD(2).

Before giving the proof, two tools are needed.
Theorem 3.3. Let f 2 C}(R,;Z). Then

a) %2 C'(R+;2) Li.(Rv;Z2)3g () g2LY0;T;2 8T>0
Zy g
b) 8a;b O: g(s)ds=f(b) f (a).

a

Proof. a) f 2 Ct (* g= % 2 C% =)
=) (t 07'k g(t)k)2C%=) g2 Li.(R+;2).

57

+ Taket> 0:8"> 09 > 0 such that:
jz 1 =) kg() dgk<" =)

=) kg( )k k @J(t)kZ Kg() gHk<" =)
T

=) k g()k2cC°%=) kg( )kd <1 8 T>0U
0

b) 822 Z:

* +
sz - T
ds ! {z} . ds' B

a (B)int. = ) (P)int.

2o g 2 b .
= —H(s);zids= K (s);zij, = H () f(a),z :

2 5z}

| )

int. of Riemann
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Theorem 3.4. Letf 2 C°(R, :Z). Then
140

8t 0 m“%ﬁ . f(t+ )d =f(t) :
Proof. f () is continuous at t, whence8"> 09 > 0 such that
0< <hx< =)k f(t+ ) f(t)k<". Hence

T

h< =) = f(t+ )d f@) =
h o
Z Z

o 1
= = [f@t+ ) f()d = kf(t+ ) f(t)kd
h o h o

Proof of Theorem 3.2. a) andb): Let z2D(A). Fort 0 and

59

s>0
s I[T(t+9s)z T(t)z]= T(@) s [Ttz z] =
= s L[T(@) 1] T(t)z

where
Jim T() s YT(s)z z] = T(t)Az22Z

whence fors! O+:
T(t)z2D(A) and %(T(t)z) = T(t)Az = AT (t)z :
t+

Moreover fort> Oand smalls>0(t s 0)
T(t s)z T(t)z

T(t)Az =
: ()
T(s)z z
|{§} il'(tzs? e Az + [IT('[ S){Z T(t)]Ai
s! 0+ "hounded | {z o 0; (strong continuity)
| 0(22D (A))

%
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whence: E [T(t)z] = T(t)Az.
dt ¢

c): is obtained by induction. Let
z2D(A" 1)=) T(t)z2D(A" 1) and
T(t)z]" Y= A" IT(t)z= T(HA" 1z

Take nowz 2 D(A"). Then
z2D(A")=) z2D(A"™ Y and A" 1z2D(A). Hence bya) and
b)

T(tH)A" 1z= A" 1T(t)z2D(A) and
TOA" 1z = A TA" 1z = THA A" 1z

Thus T(t)z 2 D (A") and [T(t)z]"") = AT (t)z = T(t)A"z. QED.

d): With z2D(A) T(t)Az = %[T(t)z] 2 C°(R, ;Z). Hence by

61

Theorem 3.3 fort O
Z t Z t d
T(s)Azds=  —[T(s)z]ds= T(s)jy=T(t)z z:
0 o ds
e): By Theorem 3.4 with T(t)z 2 C°(R: ; 2),
Z t+h

8z2zZ 8 0 Ilm — [T(s)z]ds= T(t)z : (3.9)
h! 0o+ h t

Therefore with h > 0
Z (Theorem 2.10)
h I[T(h) 1] T(s)zds 2Af
0
Z t
=h ! [T(s+h) T(s)zds=
% t y4 t

=h't T(s+ h)zds T(s)zds =
0 0
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Z t+h YA t #
=h't T(s)zds T(s)zds =
h 0
Z t+h S}I?)
=h't T(s)zds T(s)zds % =T{t)z z2Z
t 0
VA t
As a consequencéz 2 Z . T(s)zds2 D(A) and
Z . 0

A T(s)zds= T(t)z z.
0

f) [D(A) =Z]: This holds because by (3.9) witht =0 and
Zy.

I!ilm ho . T(s)zds= z

C z. )
where — T(s)zds D (A).
n2N

63

[A is closed]: Letfz,gnon D (A) such that z, * 7 and Az, !

Since8n z, 2D (A)

Z t
Tz 2z Al T(s)Az,ds
0
where, with kT (t)k e' where! > 0, 8s 2 [0;t]

KT(s)Az, T(s)yk k T(s)kkAz, yk
Me" kAz, yk,! O(n!'l

Thus T(s)Az, ! T(s)y uniformly in s 2 [0; 9

Therefore by (3.10) forn!'1 T(t)z z= T(s)yds.
z, °
; 1 — i 1 —
Hence“hmt [T(t)z z]= tI!m?)th ) T(s)yds IZ)
Theorem 3.4

Thus z2 D (A) and Az = .
&

z

(3.10)

)

y2Z.

64

Y.

%

L]
%



Corollary 3.1. Let A 2 CD(Z) be the generator of a G{SG
fT(t)g, ¢ L(2) where Zis a Hilbert space.

Consider the Cauchy problem

z(t) = Az(t); t O)

(3.11)
z(0) = 2zp2D(A)

where z() is of class C (and therefore AC). Then its unique
solution is given by z(t) = T(t)zo 8t O.

Proof. Step 1: Existence. By Theorem 3.2a), b) and d) with
z0)=202D(A), 8 O:

z(t) = T(t)zo 2 D (A);

_d _ _ 0.
20 = G [T(2] = AT (020 = T(OAZ0 2 G

z(t) zo=T()zp z0= T(s)Azpds = z(s)ds
0 0

%
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Thus z() is a solution of class G and AC.

Step 2. Uniqueness. The solution will be unique if zg =0
implies z(t) 0. To prove this, considerT (t s)z(s) where
0<s<t. Now by assumption, z() 2 D (A)\ C!, whence
s7! T( s)z(s)2 C!and

d%[T(t s)z(s)] = T(t s)[z(s) Az(s)]=0 : (3.12)

- K1 [T(t s h)z(s+h) Tt 9s)z(s)]=

—_ 1 1
= IT(t {zS hgfr [z(s+ h) z(9)] {zh [T (h)z(s) 2(3)99

bounded and C ¢ I z(s) Az(s)
I T( 9)z(s) Az(s)] : u
Hence with 0< < <t
Z
(3:12)dt =) T(t )z( )= T(t )z( ) :

%
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Then

!Iim0+ =) 8 0< <t : O=T(t)|{%} = T(t )z( ) and

lim =) z()=0 8 2][0;t) :

t! +

As t is arbitrary, z(t) O. ]

Applications

1. If A 2 CD(2) is the generator of a G{SG fT(t)g, , L(2),
then A is the generator of aunique Co{SG.

Proof. Suppose thatA generates two G{SG's, say T (t) and

T1(t) 2 L(Z). Then by Corollary 3.1, for zo 2 D (A), T(t)zo and
T1(t)zo are solutions of (3.11). As its solution is unique, one gets:
829 2D (A) T(t)zg = T1(t)zo. Finally since T(t), T1(t) 2 L(Z) and
D(A) = Z, there holds 82y 2 Z: T(t)zo = Ta(t)zo. ]

67

2. Let A;B 2 L(Z) such that AB = BA. Then eA*B)t = gAtgBt =
= eBteht,

Proof. et eBtzy, zg 2 Z, is a solution ofz= (A + B)z, 2o 2 Z.
Indeed

d
— efMleBlzy = AefMteBlzyg+ et BeBlz, =

dt
AeM eBlzg + BeMePlzg = (A + B)eMeBl zg

elA+B)tz, is also a solution. Hence as the solution is unique,
elA+B)tz,) = At eBlt 74, 82 2 Z. O

3.1.3 Resolvents and generators

Lemma 3.1 (Exponential Scaling). Let! 2 R. Then

E, :T@) (t 07! E/(TY():=e *T(@®) (t O0)
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Is an isomorphism between G{SG's in L (Z) such that

A generates T(t) () A !l generates e " T(t) : (3.13)

2 Notes:
1. EglE!2= E!1+!zsuchthatE! 1= E I .
2. lole " T@)]="o[T()] !.

Proof. Only (3.13). There holds the identity

8z2Z:t L e"T(t)z z =t [T(t)z z]+i[1e!t 1T(t)?

{z

! Iz (t! 0+)

Hence with D(A !l )= D(A) and A the generator ofe 't T(t),

we getD(A)= D(A !l )and8z2D(A) Az=(A !l )z. Thus

A=A 1.
De nition 3.2.  Let Z be a Hilbert space andA 2 CD(Z). One

69

calls

1) resolvent setof A
(A)=f 2C:(I A)2L@g
2) resolventof A the function
2 (A)7! RGA)=(I1 A 2L@:
2 Notes:
1. (A) Cis open and consequently (A):= (A)¢is closed
2.8 2 (A) ImagelR(;A)]= D(I A) = D(A) allows in

[

particular situations to discover the contents of the setD(A) .

3. Inwhat follows C, , :=f 2R: Re >! g.
Lemma 3.2 (Resolvent Properties). Let A2 CD(Z). Then

a) 8 2R: (A )= (A) ! and
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8 2 (A): R(;A)=R( LA ).
b) [Resolvent identity] 8; 2 (A)

R(;A) R(GA)= ( JR(GA)IR(GA ) =
( JR(GA)DR(A)

such that
R(;A)R(GGA )= R(GA)IR(GA) ¢
c) If (! 1) (A)and 9 M 1 such that

KR( ;A )k LI 8 >1I:

Then

8227 lm [R(;A)Z=lim (I A 1z =2

71

Proof. a) exercise;b) only (3.14): z2 Z =)
R(;:A)z R(:A)z=(1 A) 'z (1 A 1z=

R U

2D (A)
(1A A g
2D (A)

=(1 ALl A (I A(l A lz=

=( (1 A) M A) fz=( JRCGAIR(A)Z

c) without loss of generality ! > 0. Take " > 0. Since
D(A)=Z: 8z2Z 9x2D(A) such that kx zk<". The
graphof ( >! ) 7! =( I') gives for 8 2 )=( 1)j
(Figure 3.1).

72

(3.14)
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Figure 3.1: The graph of (>! ) 7! =( 1)

With x 2 D (A) and Ax 6 0 without loss of generality, choose (")
su ciently large such that 8 >

M n
1 .
(1 A) i Ak and — 2

73

Then 8 > g

(1 A 'z z,=
= (I A Yz x)+ (I A x x +(x 2
(1 A1 kz xk+ (I A) *Ax + kx zk

M"+"+" 2(m+1)";, " arbitrary

Hence lim (1 A) 2=z O

Lemma 3.3. Let Z be a Hilbert space. LetA 2 CD(Z) be the
generator of a G{SG fT(t)g, , L(Z) and let
o= lim t LIn kT (t)k be its growth constant.

Then C, .+ (A)ie. 8'>! o Ci.4 (A) such that with
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2 Cl ot Z 2 Z,
Z 1
R(:A)z=(1 A) 'z= e ' T(t)zdt
0
and, with kT(H)k Me't,
M
kKR(;A Kz - ( =Re ):

Proof. Take suchthat =Re >!>! 4. Since
I>1 o 9M 1 suchthatkT(t)k Me" whence

e 'T)z e 'Me" kzk=e ( "M kzk2 L?! :

Consider Z .
R z= e 'T(t)zdt (z2 2) (3.15)
0
where the integral on the right-hand side is well{de ned as a
Bochner integral. ThereforeR =Z ! Zis wel{de ned.
75
Moreover
YA 1
kR zk, e 'T(t)z dt
Z°,
e { '™ kzkdt = — kzk
O H
h R 2L(Z2) and kR k M
whence (Z) an L@
Hence the result is true ifR =( 1  A) !i.e. we are done if
(I AR =1z (3.16)
R (I A)=lIpwp (3.17)

(3.16) is true
One hasthat8z2 Z 8t> 0

t 1[T@) IR z=
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Z Z
et 1 “1 et 7!
= e YT(uwzdu — e 'T(u)zdu :
|-z} o Lo g )
! (t! 0+) Iz (t! 0+)

StITE 1R Z=tMTEH 1] e ST(9ads
0 :

Z h I
=t ! e 5 T( ) T(s) zds=
0 }E?
Z Z
=t 1 e (* UT(u)zdu e YT(uzdu =
z, 'z,
=t 1 et e “T(uzdu e' e Y T(u)zdu
0 0
Z 4
e Y T(u)zdu =
et 1Z 1 at i)t
= e “T(wzdu — e Y“T(u)zdu u
t 0 t 0

77

As a consequencé8z 2 Z

Jim ¢ YIT@t) I1IRz=R z z22Z
where

Rz2D(A) and AR z= R z z
Le. (I AR z=2z (z2 2).
(3.17) is true
Let 8t> 0 A :=t L[T(t) 1]2L(2D.
Then 8> 0 8z2 Z:

R Aiz= AR z :

= This holds because
Z 1

R Az=1t1 e YTW)[T(®) I]zdu=
0

%
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Z 1
t ! e Y[T() 1]T(u)zdu=
0 7 L

= t T 1] e YT(zdu= AR z U
0

Let now z 2 D (A), then Az = tlnin?)+ Aiz and sinceR 2 L(Z) and
R z2D(A),

RAz=1Im R Aiz=Ilim AIR z= AR z:
tl 0+ tl O+

Thus8z2D(A): R Az= AR z 1Z) R z z
already proved

whenceR (| A)z=z 8z2D(A). ]

Example 3.3. Here we give an example of theesolvent methodto
identify the generator of a Cp{semigroup. Cfr. Example 1.3 (left{
shifts) and Example 3.2/2 (associated generator). Here
Z=L2(0;1 ), and the left{shift C o{SG fT(t)g: o L(2) is given

79

by
8h2 L%0;1) [T(th](x)= h(x+1t) x O:

Moreover T (t) is generated by

ah = 9 where D(A)= h2L?0;1):hAC:; dh, L2(0;1) ;
dx dx

i.e. D(A) =: W (0;1 ) (Sobolev space).

Identification of the left-shift semigroup generator A

Fo[T(t)] =0, as kT(t)k = 1. Hence by Lemma 3.3, with > 0,
2 (A),ie. (I A) 12 L(2). Thus

f2D(A) ( 9 'h2Z suchthat f=(1 A) *h; (3.18)
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where by Lemma 3.3
Z 1 YA 1
f(x)= e ' [T(t)h](x)dt = e ' h(x+ t)dt =
'z, 0 (3.19)
= e e ' h(t)dt

X

Let f 2D (A). Then by (3.19)
YA 1

f (0) = e ' h(t)dt= ()
0

and
Z X
f(x)= e* f(0) e X YUh(t)dt almost everywhere: (3.20)
0
Then with £ %x) = & d(;(); f9= f  h. Since
(I Af=h=1f £9one ndsAf:fO:;f—XZZ.By

81

applying Fubini's Theorem one nds using (3.20):
Z VAN

fF(x) 1(0)= . [T (y) h(y)ldy = . fAy)dy ;

such that f is AC. Thus we haveD(A) W?(0;1 ) and 8f 2 D(A),

Af = g—x Let then f 2 W(0;1 ) such that f 2 Z, f is AC and

f 92 Z. Observe that the product of absolutely continuous functions
is absolutely continuous. Then asf 2 is AC and ff °2 L*(0;1 ), f 2
Is bounded onR. , whence so doe$. As a consequence with > 0,
Jim e 'f(t)=0.Denenow h:=f % Thenh2 Z.
Moreover e ! f(t)is AC and its derivative is e ! h(t). Thus
Z 1
e Tf(T)+ f(0)= e ' h(t)dt ;
0

whichasT !1 , givesf (0)= ﬁ( ). This together with
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fO= f  hgives
Zl Zx

f(x)= e* e ' h(t)dt e X Yh(t)dt =
z, ° z 9
= e & Dh(t)dt = e "h(x+ t)dt
X 0
whence by (3.18){(3.19)f 2 D (A).

Therefore nally D(A) =W l(0; 1) and Af = 1

dx’
Corollary 3.2. Under the assumptions of Lemma 3.3 one has with

>0 5
1) 2C+ 7! R(;A) 2 L(2) is uniformly continuous

2) 2C .+ 7" R(;A)2L(2) is holomorphic (di erentiable)
where 8n

R(:A) "M = dd—nnR(;A):( 1)" nIR(;A )L

(3.21)

83

Proof. 1) Take!1 2 (! o;!) such that kT (t)k M€ 1t. Take
2 Cy+. Then

minfRe ; Re g>!>! ; and
maxfk R( ;A Yk;kR( ;A )kg M1

T

One nds

kR(;A) R(A)K JKR(; A )KKR(;A )k
2
i

-1

2)
Ii'm o R(;A) R(;A) =

= lim R(;A)R(GA )= R(;A)?2L(2)
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(3.21) is obtained by induction as

(n 1)

R(;A) =( )" '(n 'RGA)"

=) RGA) ™= ("t DIRGA)N D=
= ()" Yn nRCGA) LR(GA) Y =
= (D" LnlRGA) Y DR(GA )=

= ( D"nIR(;A)"™

H
Exercise 3.1. With n2 Z, and > 0, there holds
Z 1
= e 't"dt=nt (¥
0
Solution by induction. True for n = 0. For n> 0 integration by
85
parts yields
YA 1
Ih = ! t"dle ']=
0 Z
1 Lo n
= 't"e ' o+ In t" ‘e Ydt= -1, 1 :
0
Hence withl, 1 =(n 1) " we havel, = n! () O

3.1.4 The Hille-Yosida generator existence theorem

Theorem 3.5 (Hille{Yosida). Let Z be a Hilbert space and
A 2 CD(Z). Then A is the generator of a G{SG fT(t)g, , L(2)
09 ! 2RandM 1suchthatwith 2R 8 >!

2 (A)and 8n 2 N
KR( ;A )”kL(Z) M ( 1y " (3.22)

(Hille{Yosida condition ).
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Moreover then
kT(t)k Me" 8t O0:

Proof. Necessity. Take ! >! ( such that 9M 1 giving
KT(t)k Me' .

By Lemma3.3:8 >!>! 4, 2 (A)and

Z 1
822Z7Z: R(;A)z= e ' T(t)zdt : (3.23)
0
By Corollary 3.2: 7! R(;A ) 2 L(Z) is holomorphic and
RGA) ™ Y= 1" Y{n 1IRCA) : (3.24)

Moreover by taking the derivative n 1 times under the integral in

(3.23)
Z

1
sgn2N R(GA)" Yz= (9" e tT()zdt: (3.25)
0
87
+ Justi cation: Consider ; >!>1 oandtake! ;2 (!o;!) such

that kT (t)k M€ L,
Notethat 8x 0 1 e * x (Figure 3.2).

3

25+ —

o . -

o

i i i i i
(o} 0.5 1 1.5 2 2.5 3

Figure 3.2: The graph of the functionsx and 1 e *
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Thus
t e t e min f ; gtj jt (t O),

because without loss of generality , whence

e

t t

e e et 1 e( Mt ety )t

Consider now the integrand of (3.25) i.e.
f(;t):=( D" e ' T(t)z.

Then 9g() 2 L} (L} denotes nonnegative functions of £(0; 1 ))
such that

8> >1>1 10 kf(;t) f(;t)k gt)j b

89

because
kf(;t) f(;t)k th 1 gt e ' M€ 1tkzk
th 1lg minf ; gt] j tM 1e! 1t kzk

}”e ¢ !{1Z>t|\/|1kzl}<j i

=g(t)2L}
Therefore by Theorem 2.11
d 4t Z 1
T (D" te 'T@mzdt= (" ' T()zdt
0 0

=) (3.25)ascasen=10Kand casen 1 OK =) casen OK u
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It follows that 8 >!>! o with M 1 such thatkT(t)k Me"

Z 1
. (n 1) n 15 ( !)t —
R(:;A Z M t e dtkzk =
GA) iz M,
(3:25)
= [ 1y n -
(exercise)
Thus by (3.24)
(n 1)

(n I RGA)" = R(A) M(h DIC 1) "
=) RGA) M( !)" 812N:
Su ciency : By exponential scaling (Lemma 3.1) and by the
resolvent properties(Lemma 3.2, a)) we may without loss of

generality assume that! =0, i.e. we have8 > 0 2 (A) and
OM 1suchthat8n2 N kR(;A)"k M " > 0,

and we show that A generates a G{SG T(t) 2 L(Z) such that

91

kT()k M, T O.
For this purpose de ne 8n 2 N
A, = n?R(n;A) nl 2L(©2)
and T"(t) := e*nt 2 L(Z) (Hille{Yosida approximation).
Outline of the proof

a) 8t 0 O9IT(t) 2 L(Z) such that 822 Z

T(t)z = r!i!rln T"(t)z

where the limit is uniformin t 2 [O; T]; T > O arbitrary.

MoreoverkT(t)k ™M 8t O,and(t O0)7! T(t)z (z2 2)

is continuous in k k,
b) T(t) is a Co{SG
c) T(t) is generated byA.

%
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a): Let T > O be arbitrary. We shall denote G :=C(0;T; 2), i.e.
the Banach space of continuous functions frqm [OT] into Z under

the norm kf k; = sup kf (t)k,, and C := Ct will be the
’ t2[0:T] >0
Fechet space of continuous functions fromR. into Z, whose

topology is de ned by the family of semi-norms kf k; + .-

Properties of A,

8z2D(A): nI!i{n Anz = Az.

+ because

Anz= n?(nl Al nl z=ninl A Inl (nl A)z=

=n(nl A) Az |'{z} Az (Lemma 3:2) U
nil

8mn2N: AnAn=AAnL.

93

+ becauseR(m;A) and R(n; A) commute, whence

AnAn = mmR(M;A) | nnR(N;A) | =
= mn mnR(m;A)R(nN;A) mR(m;A) nR(nN;A)+ 1 =
= nm nmR(n;A)R(mM;A) nR(N;A) mMR(MA)+ | =
= n[pR(n;A) IIm[mR(m;A) I]=A,An U

Properties of T"(t)

8n2N
kT”(t)kL(Z) M: t O (3.26)

whence8T > 0,822 Z
kT”()zk1 T+ M kzk
and therefore8n 2 N

KT"(Ok z.c,y M 8T>0:
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[N?R(n; A)t]'

= T) = ghnt = e[an(n;A) it — g nt X .

r O

whence
X (%)

r!
rg( .
Nt .
= Me ™ %:Me et =M |
r o0 )

kR(n;A)'k=e ™ X ('™ _
’ rr nr
r O

KT (Dk oy €™

z27Z 8m;n2N
Zt

Ttz T'(t)z= Tt S)T™(s)[Am Anlzds
0

+ An Ap 2 L(2) is the generator of

eAm At = Amtg Ant = o AntAmt .

95

By Theorem 3.2d): 822 Z= D(Am An)
YA t

eAm Atz z= gAm ASA - A)zds
0

whence, sinceA, and A, A, commute

ehint  ghnt z= ghnt gAm Anltz 7 =
Zt
= fgy e AS(AL Ag)zds=
2L (2)
Z

t
= ehntelAm AndS(AL AL)zds=

ya

= Tt S)T™(s)(Am Ap)zds U
0

8z2D(A), 8T > O:
im kT™()z T"()zk, ; =0

m>n 1
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WhenceSZ 2D(A) T )zgi iIs a Cauchy sequence in C =

- CT.
T>0
+ With z2D(A), m>n andt 2 [0;T]
Z t
KTM(t)z T"(t)zk kKT"(t s)kkT™(s)kk(An Ap)zkds

0
M2tk(Am  An)zk |\/I2Tk(A{Q An)zl}< Y

I' O(m>n 11 )as A,z! Az

Thus
1) 83n2 N KT"()k_z.c,y M, T arbitrary
\
2) 822D (A) nI'i{n T"()z2 C= Cr,
' T>0

whence, by limit operator Theorem 2.2,

97
\
AT()2L(Z;C)= L(Z;Cr) such that 8z 2 Z
T>0
\
T()z 12 nIlilm T"()z2C= Cr
convergence in C . T>0

and

8T >0: KTOK g,y IminfKTOk gic,) M :

It follows that 8T > 0 8t 2 [0;T]:
KT(t)zk k T()zk, 1+ Mkzk ;

KT"(z T()zk k T"()z T()zk, ;! O (0!l )

suchthat 8t 0 9! T(t) 2 L(Z) such that

T(t)z = Iilrln T(t)z2 Z
: {z }

uniformly in  t2[0;T ]

(3.27)
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where
t 07! T(t)z is continuous ink k,

and kT(H)k , M8t O
b): fT(t)g, ¢ L(2)is a Co{SG. Indeed:
T(O)=1as8n T"(0)z=z" T()z=z
T(t+s)=TMT(S) ts O
+ asT(t+ s)z= r!i!rln T"(t+ s)z= r!i!rln TT"(s)z= T(1)T(s)z

indeed
T"WOT"(s)z T(t)T(s)z =

= il'_?ég lT”(s)z{Z T(s)z}+ IT”(t) {'I;(t) T(s)% I 0 u

bounded, (3.26) I 0; (38.27) I 0; (3.27)

T(t) is strongly continuous at O+ as T( )z is continuous ink kz.

%
99
$
c): T(t) is generated byA. To see this, observe that8z 2 D (A)
YA t
Tt)z z-= T(s)Azds : (3.28)
0
+ Note that with t> 0
Iilm T"(s)Anz = T(s)Az
n!
uniformly in s 2 [0O;t] as
T"(s)Anz T(s)Az= T" Anz, Az]+[T" sAz T(s)Az] :
(9Anz T(9AZ = THS) [Anz, z;[ (942, T(9A7)
bounded ! 10 umformly in s2[0;t]
Furth
urthermore zZ,
T"(s)z z= T"(s)Apzds :
0
Thus (3.28) follows by takingn!1 u
%

100



Let & be the generator ofT (t), i.e.

z2D(R) ( Jim -t Mz z]2z

and8z2D (&) A&z = lim -t LTz 7]

D(A) D (R)and &z = Az 8z2D(A).

+ Indeed by (3.28) forz 2 D (A)
Z
t 1T(t)z z]=1t 1 tT(S)Azds l Az2Z U
0

D (A) = D(&)
Take n su ciently large such that (Lemma 3.3) n2 (A)\ (&)
then (nl  A)D(A)=Z=(nl AK)D(K). But AD(A)= AD(A),
whence

(nl AKR)DA)=Z=(nl AKD(K) :

101

Moreover (NI &) 12 L(Z) such that D(A) = D(&) and then
Az =&z 8z2D(A)ie A=A O

Example 3.4. Letf ,g9,,5, Randf ,g,,, be an ON basis of a
separable Hilbert space Z. DeneA : D(A) Z! Z such that

n P 0 hS
DAY= z27Z: j nhz; nij2<1 ; Az= NN
n=1 n=1
We know that A 2 CD(Z) and A = A .
There holds :

a) 2 (Aie (I A)'2L@) 0 infj >0

b) sup n <1 A is the generator of a G{SG
n 1
fT(t)g: 0 L(Z) and then the Co{SG generated by A is given
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X

T(t)z = erthe; ni g

n=1

[Cfr. Examples 1.4 and 3.2/3].

Proof. a): Su ciency: Let

= |nnflj nj>0:

b3
Dene 82272 A z= (

n 1

Outline of the proof

1 A 2L(Z)and ImageA D (A)

n) Thes aion.

(z2 2) -

2. (I AA =lzandA (I A) = Ip,a) whence
(I A 1=A 2L(Z) whence 2 (A).

(3.29)

103

+ 1 . Note that by (3.29) 822 Z
Ps

KA zZK%2 = ( 4) e oail
n 1
whenceA 2 L(Z) such that kA k L
Moreover
T = 12 P
n n

such that 8z 2 Z

X X 2

i nhA z; 2= " jhz; i
n 1 n 1 n

Therefore8z2 Z A z2D(A).

2 kzk?

= K?<1

K 2kzk?

104

%

%



2 .Since8z2 Z: A z2D(A) one has

X
(1 A)A z= ( n)PA Z; nin =
S(l
- ( n)( n) th; nl n=2:
n 1

Thus (| AA = 13.

Similarly 8z 2 D (A) one has

X
A(l Az= ( D) I Az aion =

5(1
= ( n) 1( ez, nl =2

n 1
ThereforeA (I A)=Ipa) U
Consequently (I  A) 12 L(2).

Necessity: Note thatf ,g.,,, D (A), whence
& %
105

( n) n=(I A) , 60 with kK k=1, whence 6 , 8n
and ( Yt w=(1 A) ! . Furthermore
(I A)2L@=)k (I A) k=K< 1.

Thus8n 1 j  aj Y=k(I A) ! .k K< 1.Thus

= inf | hn>K o t>o.
n 1
b): Suciency: Take ! :=sup , < 1. Apply Theorem 3.5
n 1
(Hille{Yosida). Take 2R, >! . Then >! n 8n such that
():=inf | nj = inf ( n) = sup n = > 0
n 1 n 1

n 1
whence bya) 2 (A).
Furthermore, by the proof of a), 8n 2 N

kR(;A )"k k R(;A K ()= 1 ":

Thus the conditions of Theorem 3.5 are satis ed with! =sup
& %
106




and M =1, whence A is the generator of a G{SG T(t) such that

KT(t)k €' = gs%Pn 1 n -

Necessity: If A generates a G{SG T(t) then 822 Z
X
T(t)z = erthz; i o
n2N
+ Consider8n: z, = e "' , where , 2D (A). z, is the unique
solution of z(t) = Az(t) such that z(0) = .

Indeed z, (t) = nz,(t), z(0)= , and

X
Az, (t) = mhzn(t); mi m= ne"tn = ,z,(t) :
m2N

Thus z, = Az, (t); z(0)= ..

SinceT(t) , Is a solution of z(t) = Az(t), z(0) = , one has

107

T(t) n =enrt . Therefore with T(t) 2 L(2)

hx I X
T(t)z= T(t) he; ni n = e, niT(t) n=
X n2N n2N
= te; Liernt | U
n2N

Finally as T(t) 2 L(Z) and k k=1,
et = KkT(t) 1k k T(H)k

whence8n: , t lInkT(t)k, t> O arbitrary, whence 8n:

n 'o0o<1 suchthatsup , !o<1.
n2N

* We already know that KT (t)k  €'SUPn2n n But KT (t)k :=

sup kT (t)zk. Choosez = , thenk ,k=1and kT(t) k= e rt,

kzk=1
Therefore

8n2N: €& k T(t)k es'Pnan n
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whence
@ SUPnan n K T(t)k g SUPn2on n -

Thus KT (t)k = g SUPn2n n

whence! g = lim t InkT(t)k=sup .
t n2N

3.2 Adjoint Semigroups

Lemma 3.4. Let A2 CD(Z)and T 2 L(Z). Then:
(A+T) =A +T with D[(A+T)]=D(A):

Proof. AsT 2 L(Z), T 2 L(Z) with kT k= kTk.
As A 2 CD(Z), A 2 CD(2).
Thus D(A)= D(A+ T)and D(A )= D(A + T ),

and we need to showQA + T) = A + T .

109

Step 1:

DA +T) D [([A+T)] and
8y2DA +T): (A+T)y=(A +T)y:

There holdsy2D(A + T )=) y2D[(A+T) ]
To see this, consider the linear functional
DA+ T)3x7'hy,(A+ T)xi :

Then hy; (A + T)Xi 1Z) A + T )y;xi,
y2D (A +T )

where (A + T )y 2 Z, whence
jhy; (A+ T)xij = Jh(A + T )y;xij
K (A +T)ykkxk,; x2D(A+T)

Hence this linear functional is bounded.

%

110

%



Thusy2D [(A+ T) Jandthen8x 2D (A + T)
WA+ T)y;xi = hy;(A+ T)xi=hHA +T)y;xi :

Finally as D(A+ T)isdense in Zone getsA+ T) y=(A +T))y.

Step 2.D[(A+T)] DA +T),i.e.
y2D[A+T)]=) y2DA +T )=DA) :

To see this takex 2 D(A) = D(A + T), and consider the linear
functional x 7! h y; Axi. Then hy; Axi = hy;(A+ T)xi h y;Txi

f‘fA+T)¥XI h'E}yX|=P'(A+T)y T y;xi ;

whence

jhy;Axij kK (A+T)y T ykkxk,; x2D(A) :

Hence this linear functional is bounded andy 2 D (A ). [

111

Lemma 3.5. Let A2 CD(Z). Let A:D(A)! Z be bijective, i.e.

A 1:Z!'D (A)exists,and letA 12 L(2). Then:

1) A :D(A)! Zis bijective,i.e. (A ) 1:Z!D (A ) exists.
2) (A) 12L(2).

3) (A) *=(A Y

Proof. Recall that A 2 CD(Z) and A = A (Theorem 2.12).We
start the proof by giving the

Master inequality

8y2D(A): kAyk kyk A 1 '
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This holds because

KA yk = sup jhA y;Xij z) sup JPA y; xij =
x2Z;kxk 1 D(A) Zx2D (A);kxk 1

x2D (A);kxk 1 z2ZkA 1zk 1

- sup jhy;AXij |{§} sup jhy;Zij |{Z}
A A

. .. 1
sup jhy: zij 5, kyk A 1 ;
Hi} z2Z;kzkk A 1k ! HZ}

ConcerningA: A 1:Z 1D (A)is a bijection, whence:
8x 2D(A) 91z2Z suchthat x=A 1z :
ConcerningA: A 1z A 1 kzk such that
Alkxk 1) Alz 1;

whencekzk A ' ‘=) A 1z 1

Concerning A: the supremum is attained atz = Ky (K 0) with
&

113

kkyk= A ! ‘givingK = A ! '=kyk: thus

= 1 1L ihv: 7ii = 1 1
z A kyk and then jhy; zij = kyk A :

1): A :D(A)! Zis bijective.
A :D(A)! Zisinjective., i.e. y 2 D (A ) such that
A y=0=) y=0. This follows by the master inequality.
A :D(A)! Zis surjective, i.e. Image@ )=Zi.e.
Image(A ) = Image(A ) (closed) andImage(A ) = Z (dense).
Image(A ) is closed.

To see this, letfz,g Image(A ) be such that z, 1%z
We show that z 2 Image(A ). Now

8n z, 2 Image(A )=)9 y, 2D (A ) such that z, = A y,.
Hencez, ! z=)f z,gis a Cauchy sequence, i.e.

8'>0 9N suchthat 8n>m N kz, znk
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where withy, ym 2D (A ),

kzo Zmk=KA (Yo Vym)k kyn ymk A 1 '

Thus 8"> 0 9N such that

8n>m N Kkym VYnk "kA 1k

Hencefy,g is a Cauchy sequence in Z, a complete space,
whence9y 2 Z such thaty, ! .

Therefore9fy,g D (A ) vn 14 V,Zn = Ay, 1" z. As
A isclosedy2D(A )and A y=2z=) z2Image@ ).
Image(A ) = Z (dense) i.e. Image(A )? = f0g.

To see this, letx 2 Image(A )? i.e.

;A yi=0 8y2D(A).

y2D(A ) 7'h x;A vyi is bounded, whencex 2D (A )
where (Theorem 2.12)A = A i.e. x 2D (A).

Therefore PAX;yi =0 8y 2D (A ) dense in Z, whence
Ax = 0. Finally A injective on D(A)=) x =0.

z
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2):(A) 12 L2

Considerz 2 Z. SinceA :D(A )! Zis bijective
82227 9ly2D(A )suchthatz= A yandtheny=(A) lz.

As a consequence

1

kek=kAyk kyk AL ‘= A)ltz Al ‘!

whence
(A) 'z Al kzk z27:

Therefore (A ) ' 2 L(Z) with (A ) * Al
3):(A) t=(A 1)

(A) 1:Z!'D (A )is a bijection.

A 1:Z1D (A)is a bijection.

8x2D(A); y2D(A) hy;Axi=DbhAy;xi :
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Therefore
8x2D(A); 92z x=A tu
8y2D(A); 9v2Z y=(A) v

su;v2Z: (A) 'viu = viA tu iz (A Y viu =)

A 12L(2)
8v2zZ: (A) 'v=(A YHv
whence @ ) 1 =(A 1) . O
* (A)t = (A 17} KA k.
asA 12L(2)
Theorem 3.6 (generator of the adjoint semigroup). Let Z be

a Hilbert space. LetA :D(A) Z! Z be the generator of a
Co{SG fT(t)g, , L(2).

ThenfT (t)g, , L(Z)isaCo{SGandA :DA) Z! Zis
the generator of f T (t)g, .

117

Proof. 1) A is the generator of a G{SG, say fT1(t)g, , L(2).

SinceA is the generator off T(t)g, , L(Z) one obtains by
Theorem 3.5:9M 1 and! 2 R such that (with 2 R)

>l =) 2 (A) and 8n 1 KkR(;A)"k M( 1y "o

We show that
R(;A) =R(;A )2L(©2 (3.30)

To see this, observe that
RG;A) = (I Al

where (I A) '2L(@Z)and (I A):D(I A) Z! Z
satis es

it is closed as the dierence of | 2 L(Z) and A closed,

it has the property D( | A) = D(A), which is dense in Z.
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Therefore by Lemma 3.4:
(I A =1 A with DI A))=D(A):
Moreover by Lemma 3.5: [(I A) ] 1.Z1D (A ) exists,
(1 A]'2L@) and (1 AT = (1 A*
Therefore
RGA) = (I A =1 A=
(1 A "=RCGA )

whereR(;A ) 2 L(Z). Thus (3.30) is true.

Therefore for >! : 2 (A ). Moreover, since forT;T 2 L(2)
kTk = kT k, one obtains withn 1

kR(;A )k |5y KR(GA) "k= KR(GA )" k=
(3:30)

119

= kR(;A )"k M( 1y "o
Thus the Hille-Yosida conditions (3.22) are satis ed for A (where
A 2 CD(2)). Thus by Theorem 3.5, A is the generator of a
Co{SG, say fT1(t)g, , L(2).
2) Ti(t)=T (t) 2 L(2).
Let ! o and ! ; be the growth constant of T (t) and T,(t). Let
I'> maxf!g;! .9, andtake 2 C, .. Then, with x;z 2 Z, by

Lemma 3.3:C, . (A)\ (A)and
YA 1
e "Ti(t)zdt;x = MR(;A )z;xi = A
0

where by an analysis similar to that of 1): R(;A ) = R(;A ),
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whence
A = rR(_;Ai z:xi = hg;R(;A )xi
1

T L e 'T(t)xdt = A

Lemma 3.3 0

where the integral exists in the sense of Bochner and thus atsin
the sense of Pettis such that
Z1D _ E Z,
A = z;e 'T(t)x dt= e 'T (t)z;x dt= A
0 0
where with Re >! and kT (t)k = kT(tH)k Me'" and
|2 . 07! e 'T (t)z weakly continuous (thus measurable):

e ' T (t)zdt exists in the sense of Bochner, such that
0
YA 1
A = e 'T (t)zdt;x
0

121

We conclude that8 2 C,. 8x;z 2 Z:
Z 1 Z 1
e 'Ty(t)zdt;x = e 'T (t)zdt;x
0 0
l.e. 7 1 7 1

e ' Tqi(t)zdt= e 'T (t)zdt
0 0

l.e. the Laplace transforms of the measurable functiond;(t)z and

T (t)z are equal on the half-planeC, .. By the injectivity of this
transform
Ti()z=T (t)z t 0 z2Z

ie. ()= T (1) [

* SincekT (t)k = kT (t)k there holds that the growth constantsof
T (t) and T(t) are identical.
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Example 3.5. Cfr. Example 1.3 (left-shifts) and Example 3.2/2
(associated generator). Here Z = 12(0; 1 ), and the left-shift
Co{SG fT(t)g L(2) is given by

8h2L%0;1) [T(Mh](x)= h(x+1t) x O:

Moreover T (t) is generated by

Ah = % where D(A)= h2L?0;1):hAC; 2—22 L2(0;1) ;

i.e. D(A) =W (0;1 ) { Sobolev space
One has thenfT (t)g, , L(2) is the right-shift Co{SG such that
892 Z=L%0;1)

( 0; x 2 [0;1)
[T (1)al(x) = x 0t 0 (3.31)
g(x t); x t

123

and its generator is given by
n 0
Ag-= %WhereD(A )= g2Z:gAC ;%2 Z;9(0)=0
(3.32)

D(A )=:W }(0;1 ) (subspace ofD(A) =W %(0;1)).

Proof of (3.31). Note that 8g:h2 Z=L2(0;1)
Z, Z 4
hg; T(t)hi = g(x)h(x + t)dx = g(x t)h(x)dx =
0 t

= hr (t)g;hi :

Proof of (3.32). (Resolvent method) We know that the growth
constant ! o of T(t) is 0. Therefore the growth constant of T (t) is
0. Thus

> 0= 2 (A) and (I A) 12L(©2
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such that
f2DA) (9 I!g2Z suchthat f=(1 A) 'g; (3.33)

where by Lemma 3.3
Z 1 Z X
e ' [T (t)g](x)dt = e 'g(x t)dt=
Z°, 0 (3.34)

= e X Yg(x t)dt
0

f(x)

i.e. f = e () 2g(convolution).

Let f 2D (A ). Then by (3.34), with f x) = %

fo= f +g; f(0)=0:
: o 0 _ N |
Since (| A)f=g=f +f°one ndsAf = f"= d—XZZ.

&
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By applying Fubini's Theorem one nds using (3.34):
Z X Z X
f(x)= . [ T (y)+ a(y)ldy= . fAy)dy ;

such that f is AC. Thus we haveD(A ) Wé(o; 1)and
o

f2DA ), Af= —.
8 (A) dx
Let then f 2 W§(0;1 ) such that f°2 Z, f is AC, f°2 Z, and
f(0)=0. Then g:= f +f%22Z=L?0;1) wheref (0)=0.
Then, with f°= f +g,f(0)=0

ZX ZX

f(x)= e & YUg(t)dt= e tg(x t)dt;
0 0

whence by (3.33){(3.34)f 2D (A ).

Therefore nally D(A )=W §(0;1 )and A f = ix

&
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3.3 Contraction Semigroups

De nition 3.3.  Let Z be a Hilbert space. We call a G{semigroup
fT(t)g, , L(Z) a contraction semigroup i kT(t)k 1 8t O.

Remark 3.1. By exponential scaling Lemma 3.1 we get:

A is the generator of G{semigroup fT(t)g, , L(Z) such that
kT(H)k et 8t Oifandonlyif A !l is the generator of a
contraction Co{semigroup fe " T(t)g, , L(2).

Having this in mind, we have
Theorem 3.7. LetZ be a Hilbert space and letA 2 CD(Z). Then

A is the generator of G{semigroup fT(t)g, , L(Z) such that
kT(H)k et 8t Oifandonlyif 8 >!

1) k(1 A)zk ( !)kzk 8z2D(A), and
2) k(I A)zk ( ')kzk 8z2D(A).
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Proof. Necessity.

By Theorem 3.6, A is the generator of the adjoint semigroup
fT ()9, o L(Z). Moreover kT (t)k= kT(t)k €*. Hence

Lo[T@®)]=to[T (1) !:
Thus by Lemma 3.3 and the proof of Theorem 3.68 >!
2 (A)\ (A) and kR(;A)k=kR(;A )k ( ') 1*';

from which conditions 1) and 2) follow easily.

Sufficiency.

Pick >! . Then (| A) is injective by condition 1). The latter
implies also that

_Image(|l A) is closed.

To see this, letfy,g Image(l A) be such that y, 14 y.
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Then clearly this a Cauchy sequence in Z i.e.
8'>0 9N suchthat 8h>m N ky, ymk

Now 8n: y, 2 Image(| A)=)9 z, 2D (A) such that
Yo =( 1 A)z,. Hence withz, z, 2 D(A), condition 1)
gives

Kyn  Ymk= k(I AXzn zn)k ( 1Ykz, zmk
Thus

8> 09N suchthat 8n>m N kz, z,k "( ') 1:

Hencef z,g is a Cauchy sequence in Z, a complete space,
whence9z 2 Z such that z, ! z. Therefore

9fz,g D (A)= D(1 A): z, !

As (I A)isclosed,z2D(I A)and (I A)z=y=)
y 2 Image(| A).
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_Image(|l A) is dense in Z, i.e. [Image( A)]? = f0g by
condition 2).
To see this, letz 2 [Image(| A)]? le.

re;(1 A)yi=0 8y2D(A)=D(I A):

Thus D( | A)=DA)3y7'h z;(I A)yi is bounded,
whencez 2 D (| A ). Therefore

@ A)z;yi=0 8y2D(A); D(A)=Z ;
whence (| A )z =0. Hence by condition 2), z = 0.

Thus we got (| A) is surjective and injective, i.e. bijective.
Then: 8y 2 Z29!z2 D (A) such that y =( | A)z. Thus by 1)

kyk= k(1 A)zk ( Ukzk=( 1) (I A)ly
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whence
(1 Ay (1) tkyk 8y27Z:
Hence 2 (A)and kR(;A)k ( ') 1, giving
kR(;A )"k k R(;AXK" (1) "
Thus the Hille-Yosida conditions are valid with ! 2 Rand M =1,

and by Hille{Yosida Theorem 3.5, A is the generator of G{
semigroupfT(t)g, , L(Z) such that kT(t)k €' 8t 0. O

De nition 3.4.  (Pazy, 1983) Let Z be a (complex) Hilbert space,
and let A:D(A) Z! Z be alinear operator. ThenA is said to
be dissipativei Re MAz;zi 0 8z 2D (A).

Lemma 3.6. Let Z be a (complex) Hilbert space, and let
A:D(A) Z! Zbe alinear operator. ThenA is dissipative if
and only if

8> 0 k(I A)zk kzk 8z2D(A) (3.35)
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Proof. Necessity.
Let > 0. Then forz 2 D (A):

k(I  A)zk®*= 2kzk® 2 RehAz;zi + kAzk® :
Now asA is dissipative, R&Az;zi 0 such that (3.35) holds.

Sufficiency.  Assume (3.35) and letz 2 D (A), which is nonzero.
De ne 8n 2 N:

nz Az z n 1Az

Y= Wnz Azk  kz n lAzk

Then

: .z
kynk =1; nllllm yn—@,

and by (3.35)

nkzk k nz Azk=mz Az;y,i =Remz Az;y,i =
= nReg;y,i ReMAz;y,i nkzk ReMAz;y,i :
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Hence8n 2 N: RehAz;y,i 0. Thereforeasn!1l

kzk ! RehAz;zi 0. Thus, asz 2 D (A) was nonzero and arbitrary,

A is dissipative.

Observe now that in Theorem 3.7,

(1 Az=[( "I (A 1)z

and similarly so with A replaced by A?. Therefore combining
Theorem 3.7 and Lemma 3.6 gives immediately

Corollary 3.3. Let Z be a (complex) Hilbert space and let

A 2 CD(Z2). Then A is the generator of G{semigroup

fT(t)g, ¢ L(2) suchthat kT(t)k €' 8t 0, if and only if
A !l andA !l are dissipative, i.e.

1) RehAz;zi !kzk?® 8z2D(A), and
2) ReMA z;zi 'kzk? 8z2D(A).
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Example 3.6. Cfr. Example 1.3 (left{shifts) and Example 3.2/ 2
(associated generator). Conside’A 2 CD(Z) where Z =L?%(0;1 )
and

Ah = @ where ;
dx

D(A)= h2L%0;1): hAC; dn

an 2/0- :
,dXZL(O,l) :

i.e. D(A) =: W (0;1 ) (Sobolev space).

Observe thatf 2D (A) =) f 2 L?(0;1 ) and f is uniformly
continuous. Hence byBarbalat's Lemma, f (1 ) = 0. Thus
Z 1

2 ReAF; f | [F 00)F (x) + f (x)f %x)] dx =

0
f2(1) f2(0)= f20) 0 8f 2D(A) :

%
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Now by Example 3.5,A 2 CD(2) is given by
n

)

_ dg _ . cdg . _
Ag= d—xwhereD(A)— g2 Z: gAC; dXZZ, g(0)=0
D(A )=:W }(0;1 ) (subspace ofD(A) =W *(0;1)). Thus

Z 1
[99x)g(x) + g(x)gx)]dx =

2ReMA g;9g
0

= ¢*(1)+g°(0)=0 8g2D(A):

Hence by Corollary 3.3,A is the generator of G{semigroup

fT(t)g, ; L(Z) suchthat kT(t)k 1 8t O, i.e. a contraction

semigroup, which we already knew.
Example 3.7. Cfr. Examples 2.1 and 3.4. Heref ,0,,
f ng,,n ON basis of Z.

R, and
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Consider A = A 2 CD(Z) such that

X
Az = nhez; nil o
n 1
n X 0
DAY= z2Z: jahg nij®<1
n 1

Moreover assume that! =sup ,< 1. Then8z2D(A)
n 1

RehAz:zi = PAz;zi = Jhz i1 kzk

n=1

Hence by Corollary 3.3,A is the generator of G{semigroup

fT(t)g,  L(2) suchthat kT(t)k €' 8t 0, which we already

knew.
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3.4 Riesz Bases of Eigenvectors

Acknowledgement: this section was suggested by Piotr Grabmski,
to which the author adresses his sincere thanks.

Throughout this section we shall assume that Z is a (complex)
separable Hilbert space with scalar producth; i.

137

De nition 3.5. A countable ordered point setf ,gnon ZiS

called a Riesz basisof Z if there exist U 2 L(Z) with U 12 L(2) (a

Banach isomorphisn) and an orthonormal basisf e, g,2n such that
n=Ue, forn2 N.

Under the transformation z = Ux () x = U 1z, the state vector
reads:

hs b3
z= U I ekie 1Z) W 1z:eiUe 1z}
Xk=1 Uu 121 (z) k=1 U ] =(u)t
= re;(U) 'eciVec= ey wi « g
k=1 k=1

where | :=(U ) e k2N, de nes the point setf gx2n, Which
Is biorthonormal with respect to f ¢gk2n, I.€. @ point set satisfying

1 if k=n
O if kén

h; ni=ha;(U) ‘e = heeni =
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Interchanging U with (U ) ! in De nition 3.5 gives that a point
set biorthonormal with respect to a Riesz basis is itself a Ries
basis, whose biorthonormal set is equal to the original Riesbasis.

Example 3.8. In Z =L ?(0; 1) with standard scalar product
consider the operator

Af = f% D(A)=ff22Z: f AC;f%2 Z;f(0) = Kf (1)g
whereK 2 Rnf0g.
+ A is closed because its extension
Af = % DA)=ff2Z: f AC;f°2 Zg

Is closed, whence for any sequendd ,g,>n D (A) such that
fo!? f and Af, ! g, there holds asD(A) D (A), f 2D (A)
and Af = g; furthermore one gets8x 2 [0;1]: nI!ilm fn(x) = f(x),
such that f,(0) = Kf (1) givesasn!1 : f(0)= Kf (1); hence
f 2D(A) and Af = g. U

139

+ D(A) is dense in Z, because it contains the set
ff 2z: f AC;f°2Z;f(0)= f(1)=0g ;
which is dense in Z.u

_ Thus A 2 CD(2).

_ We shall now show that A has a set of eigenvectors which is a
Riesz basis of Z.

Here solving the eigenproblem
Af = f; f 2D(A)nf0g; 2C

requires nding a nonzero absolutely continuous solution &:

C )
() = f() 2[01]

f(0) = Kf (1)

The solution of the rst equationis f( )= e f(0). Inserting this
&
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into the second equation gived (0) = Kf (1) = Ke f (0). Here
f (0) 6 0 as otherwise we would havef ( ) 0, (observe that for
K =0 the operator A has no eigenvalues). Hence

ghnikij. K> 0

e = K =

Since the exponential function is 2 {periodic we obtain

InjKj+2jn; K> 0
n = ; n22zZ: (3.36)
InjKj+2) (n+1=2); K< O
For K > 0 eigenvalues are located on a line parallel tpR as shown
in Figure 3.3. For K < 0 they are located similarly but vertically
shifted by

%
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$
r 6 §) 6 I
5 s g
[ - I - r -
InjK j In jK ]
r r r
r r r
r r r

Figure 3.3: Eigenvalues ofA forO<K < 1,K =land K> 1

The corresponding eigenvectors are normalized by:
YA 1
2 _ 4 _ 2Re , 2 —
kf k™ =1 . e if (0)j°d 2Re .
iKi® 1 ..
= L o
21K 7 InjK]j

e 2Re n .
if (0)j° =

%
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Hence these eigenvectors are:

s
.. 2InjK] i
f = jKj ———e ='()e 9" : 2[0:;1]n2Z
n( )= K] Ki? 1 () [0; 1]
(3.37)
where
S ( InjK j
, . 2Injkj e : K> 0
()= K] At (3.38)

Ki® 1 e MiKi*xj). K< 0

(3.37) shows that the set of eigenvectord f,g,»z arises from the
classical Fourier orthonormal basisfe 2" ()g,,, by the action of
the multiplication operator M. induced by "' ,

M-1)(C):="()()

S
KM= K gy = K Kepyy = SZIilopl]J' O~
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s —
(K 1, O< K] 1
.2K|'anKJl Iy <1
J Lk Kij>1
| —z—}
' TasK! 1
then M. 2 L(Z). Furthermore,
B3P
, 2
k1= kC[O;l]: 1= |nf_ " ()] }jf
2[0:1] 3 9
— < 1 0<iKi 1=
o = o< =
JZKIJn.K.l_ K] ak <1
|_{zu} 1 Kj>1"
I TasK! 1
whenceM. ! 2 L(Z) as well, with M. ! = k1=" kepo.1;-

L (2)
By De nition 3.5 the ordered point set ff,gn2z given by (3.37) and
(3.38) is a Riesz basis of Z provided thatk 6 0. As regards A ,
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simple considerations give
Ag=g% D(A)=fg2Z: gAC; ¢°2 7 g(1)= Kg(0)g :

De nition 3.6. A 2 CD(2) is normal if D(A) = D(A ) and
kAzk = kA zk for any z 2 D (A) or equivalently A A = AA
(Weidmann, 1980, Section 5.6).

Observe that D(A )= D(A)i jKj=1. Actually A isthen a
skew{adjoint operator and hence normal. It is clear that for
jK ] & 1 the operator A cannot be normal.

_ We consider now the dissipativity of both A and A .

It is easy to see that

Zl
2Afi= 2 f()fY)d = f2Q)+ f%0) =

0

= K2 1f21) 0 8 2D(A) (0] Kj 1
145

and

Zl
2hg;Agi= 2 g()g¥)d = ¢*(1) ¢°(0) =

0
= K? 1¢’00) 0 892D(A)(0j Kj 1:

By Corollary 3.3 the operator A (as well as its adjoint A )
generates a semigroup of contractions ijKj 1. If K =0 then the
contraction semigroup generated byA is the right{shift semigroup
on Z while the contraction semigroup generated byA is the
left{shift semigroup on Z.

Observe that the question whetherA is a generator of a G{SG
cannot be answered fofjK j > 1. Di culties in establishing that A
IS a generator of a G{semigroup as well as the fact thatA is
normal only for exceptional values of the parameterK are caused
by the two point boundary condition f (0) = Kf (1) as explained in
Figure 3.4.
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K

Figure 3.4: Feedback leads to two point boundary conditions

However such boundary conditions occur in engineering. Onef the
basic principles of control engineering and electronics ifeedback
information about the system output is being returned to the
system input through a controller or corrector in order to stabilize
the output signal, usually a constant or a periodic one. Some
industrial chemical reactors exploit the re ux idea: part of the
produced output is returned to the reactor input in order to
increase e ciency. Thus special mathematical tools are neded to
analyze semigroup generation in mathematical dynamical mdels of
such systems.
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De nition 3.7. A linear operator A : (D(A) Z)! Zis said to
be similar to a linear operator N : (D(N) Z)! Zif there exists a
similarity transformation U 2 L(Z) with U 12 L(Z) (a Banach
isomorphism) such that U AU = N.

In the sequel we shall need the following tool.

Lemma 3.7. Let N 2 CD(Z) have an ordered point set

f nohoan  C of simple eigenvalues to which correspond
eigenvectorsf e, gn2n, Which form an orthonormal basis of Z. Then
fengn2n IS an orthonormal basis of eigenvectors oN
corresponding to eigenvalues ,gnon, Viz.

N e, = ne, 8n2 N : (3.39)
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MoreoverN and N 2 CD(Z) are given by

p x
Nz = chz;eciee and N z= ez e e
k=t ( 2 k=t ) (3.40)
DIN)=D(N )= z2Z: j«’jrzieij’<1
k=1

Finally N is normal.

Remark 3.2. According to (Kato, 1966, p. 41 and Chapter Il x6
Section 5), an eigenvalue 2 C of a closed operatorN is simple if it
has algebraic multiplicity 1, i.e. its algebraic eigenspae is spanned
by one eigenvector. Moreover in this case, is a simple eigenvalue
of N . Finally if all eigenvalues are simple and the eigenvectorsre
orthonormal, then the eigenvalues are necessarily distiric

Proof. 1) Let ff,gn2n be a set of eigenvectors oN i.e.

149

N f,= ,fn 8n2 N. Then
nemifanl = hen:N foi = INep fni = pheqn:fal

As all eigenvalues are distinct,hey, ;f,i =0 for all m 6 n. Hence by
scaling thef,, such that for all n 2 N: he,;f,i =1, the set ff,gn2n
Is biorthonormal to the orthonormal basis fe,gn2on. This implies
fn=e, 8n2N.

2) Let N" be the operator de ned by the right{hand sides of (3.40)

XK
concerningN . Let z2 D(N). Put z := hz;e,ie,. Then
n=1
Xk
fzxg D (N) and, Nzy = nhz:e,ie, = Nzi. Then, for
n=1

k!l ,z«! zandNzg! Nz. AsN isclosed,z2D(N) and
Nz = Nz. Conversely letz2D(N). Then 8k 2 N

INz; el = hz; N ed = hz;ed
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Hence “
j ki’jhz;edj®= kNzk*< 1 ;
k=1
whencez 2 D (N'). HenceN = N. Thus N is given by (3.40). Itis
then straightforward to show that N is given by (3.40).

3) N is normal by (3.40) and De nition 3.6. ]

The next result is an extension of Example 3.4.

Theorem 3.8. Let N 2 CD(Z) have an ordered point set

f ngnon  C of simple eigenvalues to which correspond
eigenvectorsf e, gn2 N, Which form an orthonormal basis of Z. Then
N generates a GQ{SG fS(t)g: ¢ L(2)1i

lo:=supRe , <1 : (3.41)
n2N
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Moreover then 8z, 2 Z the Cy{semigroup is given by

P
S(t)zo= e 'hegedie ; (3.42)
k=1

and its growth constant is ! g as in (3.41).

Proof. Necessity .

We have that N generates a G{SG fS(t)g: o L(Z). We show
rst that (3.42) holds. By Lemma 3.7 (3.40) is valid. Now N is
the generator of the G{SG fS (t)g: ¢ L(Z) and S (t)e, is the
unique classical solution of the homogeneous Cauchy probie

z(t) = N Z(t))
z0) = e
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Moreover the same applies taz, (t) := e nte,, as by using (3.39)
()= aza(t)= e e = e "N & = N z(t)

and z,(0) = e,. Hence by uniquenessS (t)e, = z,(t) = ernte,.
Therefore 8z 2 Z

A A
S(t)zo = S(t)zo;exiex =  hzo; S (t)exiex =
k=1 k=1
R _ h s
= heo;e leiek = e *heg;ecieg
k=1 k=1

Hence (3.42) holds.

Now chooset > 0 in (3.42) and put zo = e, giving S(t)ex = e *teg
with kexk = 1. Therefore as S(t) 2 L(2), for all k 2 N,

kS(t)exk = eR® «t Kk S(t)k, which gives

e °t k S(k ; (3.43)
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from which one gets (3.41).
Sufficiency
(3.40) and simple calculations give8z 2 D(N) = D(N )

RelNz; zi !okzk2 and ReéN z;zi !okzkz:

Hence by Corollary 3.3,N is the generator of a G{SG
fS(t)g o L(Z) such that

kS(hk et 8t 0:

As the converse inequality holds by (3.43), we get equality ad !
Is the growth constant of S(t). [

Similarity, Lemma 3.7 and Theorem 3.8 give immediately:
Theorem 3.9. Let A 2 CD(Z) have have an ordered point set
f nohoan  C of simple eigenvalues to which correspond
eigenvectorsf gn2n, Which form a Riesz basis of Z. ThenA

154

%

%



generates a G{SG fT(t)g: ¢ L(Z)1 (3.41) holds. Moreover
then, 8zp 2 Z the Co{SG is given by

T(t)zo = * e “'heg; wi « ; (3.44)
k=1
wheref ,0non IS the biorthonormal Riesz basis of eigenvectors of
A , corresponding to its eigenvalued ,gn2n. Finally the growth
constant of f T(t)g; o is! ¢ asin (3.41).

Proof. We have that f ¢gk2n IS @ Riesz basis of eigenvectors of
A 2 CD(Z) corresponding to simple eigenvalues. Hence by

de nition, there exists a similarity transform U and an orthonormal
basisfec = U ! ,gwon such that:

AUe= A k= « k= kUeg; k2N :

Hence, the operatorN := U AU belongs toCD(Z) and has an

ordered point setf ,gn2n Of simple eigenvalues to which
& %
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correspond eigenvectors e, gn2n, Which form an orthonormal basis
of Z. By Lemma 3.7 N is normal and given by (3.40). Furthermore

N =UAUT=UAN]"?

and by Lemma 3.7 and (3.39):f .0gn2n, n =[U ] 'e, is the set
of eigenvectors ofA , which is the Riesz basis biorthonormal with
respect tof ,gn2n. By Theorem 3.8, N generates a G{SG
fS(t)g 0 L(Z2)i1 (3.41) holds, whence the same occurs forA by
the relation T(t) = US(t)U ! induced by

(1 A '=u(l N) 1t
Finally under (3.41), 8zp 2 Z we obtain (3.44) using

b3
USHU 'zg= U e*'hU lzpeieg =
k=0
ps ps
= e ' zg;[U] 'ex Uax=  e*'feo; i « :
k=0 k=0

T(t)zo
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The statement about the growth constant is left as an exercis. [

Example 3.9 (Continuation of Example 3.8). The operator A
of Example 3.8 belongs toCD(Z) for all K.

For K 6 0, it has a set of simple eigenvalues to which correspond
eigenvectors which form a Riesz basis of Z, such that (3.41) hds
with ! o =In jKj. Thus by Theorem 3.9, forK 6 0, A generates a
Co {semigroup.

As already observed, forK =0, A is the the generator of the
right{shift C o{semigroup on Z.

4 The Controlled Cauchy Problem

Let Z be a Hilbert space andA be the generator of a G{SG
fTg o L&

157

We shall study the controlled Cauchy problem given by

z(t)= Az(t)+ f(t) t2][0;T); z(0)=2z2Z 4.1)
wheref 2 L1(0;T;2) C(0;T;2).
(4.1) is called anabstract di erential equation.

We shall study continuous solutions of (4.1).
De nition 4.1. z() 2 C(0;T;Z2) is called

a) classical solutionof (4.1) if z() 2 C*(0;T;Z) and z() satis es
(4.1) 8t 2 [0;T).

b) strong solution of (4.1) if z() 2 AC(0; T;Z) (absolutely
continuous) and z() satis es (4.1) 8t 2 [0; T] almost
everywhere.

c) weak solutionof (4.1) if for everyy 2 D (A ):
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he();yiz 2 AC(0;T), and hz( );yiz satis es

d . . .
ahz();ylz 1Z) he();A yiz+H(t),yiz 8t2[0;T]:

almost everywhere

The following tool information  is paramount

We have: f ()2 AC(0;T:2) 0* Foramostall t2 [0;T]:
f(t) 2 Z exists and
Z t
8t2[0;T]: f(t)=1"f(0)+ f(s)ds
0
wheref_2 L1(0; T; 2).

Important results are.
Theorem 4.1. (Hille and Phillips, 1957) Let f 2 L'(0;T;Z), then
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for almost all t 2 [0; T]:
d 2

a . f(s)ds= f(t) :

If f 2 C(0;T;2Z) then equality holgs everywhere.
t

Corollary 4.1. If f(t)= f(0) + g(s)ds whereg2 L*(0;T;2)
0 Z
t

then f—= g almost everywhere andf (t) = f (0) + f(s)ds where
0

f2 L}0;T;2)ie. f 2 AC(0;T;2).

Remark 4.1. It follows easily that a classical solutionz( ) of (4.1)
IS a strong solution, and a strong solution is a weak one.We il
concentrate on weak and strong solutions (classical is a sprl case
of strong). These are predicted by the following de nition.

De nition 4.2. Letf 2 L}(0;T;Z). We call

z(t)= T(t)zo + v(t); z02 Z ; (4.2)
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where Z .

v(t) = T(t 9s)f(s)ds ; (4.3)
0

the mild solution of (4.1).
*
(4.3) is the mild solution for zg =0
Zo 2 Z or zg 2 D (A) according to the case

With U a Hilbert space and B 2 L(U;Z) one gets:
u2 LY0:;T;2)=) f():= Bu()2LY0:T;2)

such that Z,
v(t) = T(t s)Bu(s)ds :
0
In the sequel we shall frequently need Fubini's Theorem for
Bochner integrals (Hille and Phillips, 1957).
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Theorem 4.2. Let Z be a separable Hilbert space; let

R? 3 (t;s) 7! f(t;s) 2 Z be a measurable function i.e.8z22 Z
R? 3 (t;s) 7! h f (t;s);ziz is measurable. Let

R? 3 (t;s) 7! f(t;s) 2 Z be (B){integrable i.e. in the following

equality (obtained by Tonelli's Theorem)
Z Z

Kf (t;s)kdt ds = Kf (t;s)kds dt

R R R R
one of the two iterated integrals is nite. Then:

a) Foralmostallt2 R: s7! f(t;s) is (B){integrable
(2 LY(R; 2)).

a') For almosé alls2 R:t7! f(t;s)is (B)integrable.

b) R31t7! f (t;s)ds is (B ){integrable.
i

b)) R3s7! f (t;s)dt is (B){integrable.
R

162

%

%



Z Z Z Z

C) f(t;s)ds dt= f (t;s)dt ds.
R R R R

* One may replaceR? by a measurable subset oR?.

R R
Lemma4.l. ( T?2f=T7?2 f). Letf 2LY0;T;2). 8t2[0;T],
let v( ) given by (4.3), i.e.
VA t

v(t) = T(t 9s)f(s)ds ;
0

and let Z . v

w(t) = T(t s) Sf( )d ds : (4.4)
0 0
Then 8t 2 [0; T],
t
1) v(s)ds= w(t) 2D (A) ;

Z Z

2) A v(s)ds= Aw(t) = v(t) f (s)ds :
0 0
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Proof. We usekT (t)k Me'" whereM 1. Moreover we consider
the triangle T [0;t]*> R? given by

T =1(s; )js2][0;t]; 2][0;s]g

_ (4.5)
=f(s; )i 2[0:t];s2[;t]g;

where the rst formula corresponds to vertical scanning of the

triangle, and the second formula to horizontal scanning.

Straightforward manipulations using Tonelli's Theorem show then
YA t YA S YA t YA t

kT(s )f()kd ds M e ds kf ( )kd
0 0 0 0

Hence G; ) 7! T(s )f () is (B){integrable on T, where the
arguments s and may be interchanged.

Hence using Fubini's Theorem 4.2 along the way, we obtain
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successively:

Z t
v(s)ds =
0Z t YA S Z t Z S
= T(s )f()d ds= T( )f(s )d ds=
VARV AN z% ° z,
= T()f(s )ds d = T() f(s )dsd =
Z°, Z, z? Z
= T() f(s)ds d = Tt ) f(s)ds d =
0 0 0 0
= w(t)
YA t YA t
Moreover by Fubini's Theorem 4.2 : v(s)ds = "()d with
‘()2 LY0;t;2) given by : ’ i
Z t YA t
()= T(s )f()ds= T(s)f ( )ds2D(A) ;

0

165

where the last assertion follows by Theorem 3.2, which givealso :

A()=TE () f()2LY0t;2) :

YA t YA t
Hence by Theorem 2.10 :  v(s)ds = ‘()d 2D(A) and
0 0
Z t Z t
A v(s)ds= A ()d =
Z)t 0 VA t Z t
= T(t ) ( )d f()d = v(t) f(s)ds :
0 0 0

[

Lemma 4.2. Every (continuous) classical, strong or weak solution
of (4.1) is unique.

Proof. By Remark 4.1 such solution is necessarily a weak solution.
Hence it is su cient to show uniqueness for a weak (continuots)
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solution. Now consider two such solutionsz;( ) and z;( ). Then
z1(0) = z(0). Thus with z() := z3() z2() and using De nition
(4.1) we must show that:

If z() 2 C(0;T;Z) suchthat 8y 2D (A ): he();yi2 AC(0;T) and
8 q almost ez\ﬁ%ywhere 2

—te(t);yi he(t);A yi 8t2[0;T]
dt S

re(0):yi =0 ’

(4.6)

then z(t) O.

To see this, takey 2 D (A ). Then, sincehz();yi 2 AC(0;T):
i d d
hz(t);yi = —te(s);yids where —hg(s);yi2 LYO;T) :
o ds ds

We shall get v

z(s)ds O (4.7)
0

167

whence by Theorem 4.1:z(t) O.
(4.7) is obtained as follows:
With y2D(A )it foIIows.Z by Theorem 3.2, that T (t)y2D(A )
t
and then, with v[z](t) := T(t _s)z(s)ds,
[z](t) ) ( {Z) (S;

(B) {integrable
YA t yA t

hv[z](t); yi = hT(t s)z(s);yids = he(s); T (t s);J(i ds=
0 o —{z—
2D (A )
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VA t Z S d
= d—hZ( ;T (t s)yid ds =
0 % 1
Z Zg
Z} o % B he( );f\ T g S)¥Id K ds =
(4.6) =T (t Ay
0 . 1
Z %Z s + g
= T(t S)Z A d ds =
s=0 =0 | ( {Z) ( 2 y
(B) {integrable on T, (4.5)
Z Z
= T(t s)z( )d ds;Ay =
s=0 =0 Z )
2 hw(z](t); A yi = bPAw([zZ](t);yi = hv[Z](t) z(s)ds; yi
Lemma 4.1 0
Z
= hv[zZ](t);yi z(s)ds;y
0
169
DR E

Hence ;z(s)ds;y 08y 2 D(A ), with D(A ) dense inZ.

Thus (4.7) holds, and z(t) O. [

Lemma 4.3. Letf 2 LY(0;T;Z2), then v() given by (4.3) is
continuous, i.e. v() 2 C(0;T; Z). It follows that the mild solution
(4.2){(4.3) is continuous.

Proof. We usekT(t)k Me" whereM 1,! 0. Observe that
by the dominated convergence theorem
Z 1
lim K[T(h) [I]f(t)kdt=0 :
h! 0+ g
+ this holds because

1) SincefT(t)g: o is strongly continuous with f (t) 2 Z:

lim K[T(h) 11f(Dk; =0 t2[0;T] :
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2) 8h2[0; ]: kK[T(h) I1]f(t)k 2Me' kf(t)k2 L*O;T) u
Right continuity . With h> 0

YA t+h
v(t+ h) v(t) = T(t+ h s)f(s)ds+
‘'z, (4.8)
+ Tt 9s)[T(h) [I]f(s)ds :
0
YA t+h Z t
+ Note that T(t+ h s)f(s)ds T(t 9s)f(s)ds=
0 0
Z t+h YA t
= T(t+ h 9s)f(s)ds+ [T(t+h s) T(t s)]f(s)dsu
t 0
171
Hence
I 0(h! 0+)
Z
A t+h El {
kv(t+ h) v(t)k Me'h kf (s)kds+
74 t
+Me' K[T(h) [I]f(s)kds :
|2 {z }
I 0(h! 04)
Thus

h!ina+ v(t+ h) = v(t) :

Left continuity . Upon replacingt+ handtbytandt h we
have by (4.8):

z
v(t) v(t h)= t T(t s)f(s)dst

; Tt h s)[T(h) I]f(s)ds
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whence
YA t
kv(t) v(t h)k Me'h kf (S)k ds+
& h
t h! 0+
+Me' K[T(h) [1]f(s)kds! O :
0
Thus
h!|n3+ v(it h)= v(t) :
It follows that v() 2 C(0;T;Z) and 8z 2 Z:
T()zo+ v()2 C(O;T;2). ]

Lemma 4.4. Letf(t) O. Then:

a) 8zp 2D (A) (4.1) has a unigue solution which is classical and
given by
z(t) = T(t)zo : 4.9)

b) 8zp 2 Z (4.1) has a unique weak solution given by (4.9).
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Proof. a): zo 2 D (A). By Theorem 3.2: T(t)zg 2 D (A),
YA t
T()zg zo= T(s)Azp ds
(t)zo 2o . |£5{)Z_
2C(0;T;2)

and

%T(t)zo = T()Azo = AT ()20  8t2[0;T] :

Thus T(t)zo 2 C*(0; T;Z) and satis es (4.1) 8t 2 [0; T).
HenceT (t)zg is a classical solution, unique by Lemma 4.2.

b): zo 2 Z. Takey 2 D (A ) and note that
AT (t)zo;yi = heo; T (t)yi where T (t)y 2 Cl(O;T;Z)
Is a classical solution of

)= A (0); 0)=y2D(A):
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Then
Zt
hT (t)zo;yl h zo;yi = heo; T (t)y yi= Zo; T (S)A yds
0
Zt Zt
= teg: T (S)A yids = T (S)zo; A yj ds :
e (A y Or()@ y}

2L10;T)
It follows (Corollary 4.1) that hT (t)zo;yi 2 AC(0; T) where
almost e\ﬁ%ywhere

dt
HenceT (t)zy is a weak solution, unique by Lemma 4.2.

Lemma 4.5. If f 2 L*(0;T;Z) then v() de ned by (4.3) is a
(unique) weak solution of (4.1) forzg = 0.

EhT(s)zo;yi 2 AT (S)zo; A yi; hT(0)zp;yi = heg;yi :

[

YA t

Proof. By Lemma 4.1 there holds: 8t 2 [0; T] v(s)ds2 D (A)
0
&
175
and 7 ) 7 .
A v(s)ds = v(t) f(s)ds ;
0 0
wheref 2 L1(0;t;Z). Take y 2 D(A ). Then
Z Z, Z,
A v(s)ds;y = v(s)ds;A y = hv(t);yi HF (s);yi ds
0 0 0
with v() 2 C(0;t;Z) L0;t;Z). Hence nally
Z , Z .
hv(s); A yids= hv(t);yi HF (s);yi ds :
0 0
YA t
Thus 8t 2 [0; T] hv(t);yi = If(s);yi + hv(s); A yi ds
0 {z
2L1(0:T)
such that by Corollary 4.1, hv();yi 2 AC(0;T) and
d . almost %\ﬁiywhere . . .
rrad OB = hv(t); A yi + K (t);yi; hv(t);yi =0 :
&
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Hencev( ) is a weak solution of (4.1) forzy = 0, unique by Lemma
4.2. I

Lemmas 4.4 and 4.5 yield

Theorem 4.3. Letf ()2 LY(0;T;Z). Then 82,2 Z, (4.1) has a
unique weak solution which is the mild solution given by
(4.2){(4.3).

We consider nowstrong solutions . A little thought reveals that
for zo = 0, any strong solution is necessarily equal tov( ) given by
(4.3). This follows easily by Theorem 4.3, because strong &dions
are necessarily weak, continuous and any type of solution ignique.

Lemma 4.6. Let f ()2 L'0;T;Z) and let v() be given by (4.3).

Then v( ) is a strong solution of (4.1) forzy =0

177

if and only if

v(t) 2D (A) for almost all t 2 [0; T] and
(Av)() 2 LY(0;T:2) :

Proof. b : One has

dv(t) almost %\ﬁ%ywhere
dt
whencev(t) 2 D (A) almost everywhere.
Moreover v( ) 2 AC(0;T;Z) such that v(0) =0 =)
VA t

_ d d 10T 7Y -
v(t) = ) d—sv(s)ds where av(t)2 L-(0;T;2) :

Av(t) + f (t)

It follows that Av(t) + f (t) 2 L1(0; T:Z) such that with
f(t) 2 LY(0;T;2), Av(t) 2 L*(0;T;2).

178

(4.10)

%

%



Z t
U : By Lemma 4.1 there holds :8t 2 [0; T] v(s)ds 2 D (A)
0
and Z, Z,
A v(s)ds = v(t) f (s)ds ;
0 oZ t z.
where by (4.10) and by Theorem 2.10:A  v(s)ds = (Av)(s)ds.
0 0
Therefore zZ,
v(t) = Av + f(s)]ds :
(t) . [( )(%)Z ( );
2L10;T;2)
Hence by Corollary 4.1,v() 2 AC(0;T;Z) and
dv(t) _ . T _q -
almost everywhere
It follows that v( ) is a strong solution of (4.1) for zo = 0. [
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Lemma 4.7. Considerv( ) de ned by (4.3) where
f() 2 LY0;T;Z2) is such that:

a) f(t) 2 D(A) almost everywhere and @&f )() 2 L*(0;T;Z) or
b) f(t) 2 AC(O;T;2).

Then v() is a (unique) strong solution of (4.1) for zo = 0.
If moreover f (t) 2 C(0; T; Z) (true for b)) then v() is a (unique)
classical solution of (4.1) forzy = 0.

Proof. Step 1: (4.10) is valid, with (Av) (') 2 C(0;T;Z), such that,
by Lemma 4.6,v( ) is a (unique) strong solution of (4.1) for zo = 0.
a): f (t) 2 D (A) almost everywhere and &f ) () 2 L(0;T; 2).
Choose anyt 2 [0; T] and considers 2 [0; t].

Then, by Theorem 3.2 :

for almost everys 2 [0;t] T(t s)f(s) 2D(A) :
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Moreover using kT (t)k
T(t

and
AT (t

S)f (s) = T(t

Me' | it is easy to see that

s)f (s) 2 L*(0;t;2)

S)Af (s) 2 LY(0;t ;2) :

Hence, asA is closed, by Theorem 2.10 8t 2 [0; T]
YA t

v(t) =
and

A =
(A (0

= AT(t
0

S)f (s)ds =

T(t
0

S)f (s)ds2 D (A)

Z

T(t
0

S)Af (s)ds2 C(0;T;2) ;

where the last assertion follows by Lemma 4.3.

181

b) f()2 AC(0;T;2) i.e.

VA t
8t 2 [0;T] f(t)=f(0)+ f{s)ds where ()2 L*0;T;2) :
0
Hence
VA t Z S
v(t) = T(t s) f(0)+ f{ )d ds= vyi(t)+ vo(t) :
0 0
Now
VA t
(1) va(t) = T(s)f (0)ds2 D (A) ;
0
where the last assertion follows by Theorem 3.2, which gives
also :
Av,(t) = T()f (0O) f(0) :
YA t YA S
(2) vo(t) = T(t 9 f{)d ds,
0 0
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such that by Lemma 4.1 : v,(t) = w[fd(t) 2 D(A) and
YA t
v[fl(t) f(s)ds =

=  T(t s)f{s)ds f(t)+ f(0) :
0

Av(t)

Finnally by combining : 8t 2 [0; T] : v(t) = vi(t) + vo(t) 2D (A)
and
YA t

(AV)(t)=  T(t s)f(s)ds+ T()f(0) f(t)2 C(O;T;2)
0

where the last conclusion follows from Lemma 4.3 and becaudg( )
IS continuous.

Step 2: If moreoverf () 2 C(0;T;Z) then v() is a classical
solution of (4.1) for zo = 0.
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By Step 1 we have8t 2 [0; T]
Zt
v(t) = Av(s)+ f (s)] ds
=[O fE)
2C(0;T;2)

thus by Corollary 4.1 v() 2 C}(0;T;Z) and

8t2[0;T): %v(t) =(AV)(t)+ f(t) :

Therefore v( ) is a classical solution of (4.1) forzy = 0. ]
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Combining Lemmas 4.4 and 4.7 one gets
Theorem 4.4. If f() 2 L*(0;T;Z) where:

a) f(t) 2 D(A) almost everywhere and @f )() 2 L(0;:T;Z) or
b) f()2 AC(0;T;2).

Then 8z5 2 D (A) (4.1) has a unique strong solution which is the
mild solution given by (4.2) and (4.3). Moreover iff () 2 C(0;T; 2Z)
(true for b)), then this solution is classical.

5 Perturbed Generators

Theorem 5.1. Let Z be a Hilbert space, A the generator of a
Co{SG fT(t)g: 0, and D 2 L(2).

Then A + D is the generator of a G{SG fTp (t)g: o which is the

185

unique solution of the operator integral equation:
VA t

S(t)zg = T(t)zp + T(t s)DS(S)zpds; p2Z (5.1)
0

whereS(t) 2 L(Z) 8t 0 and

t7! S(t)zg 2 C(0;T;2) T>0:
Moreover, with KT (t)k Me't 8t 0,

kTp ()k Mel *MKkDI)t gt o (5.2)
and with zo 2 Z

Z

Tp (t)Zo = T(t)Zo + T(t S) DTp (S)ZodS (53)
0

and Z,

Tp (t)zg = T(t)zo + Tp(t s)DT(s)zpds : (5.4)
0
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Proof. Gronwall's Lemma. Let z() 2 L*(0;T) forall T > 0, with
z() O. Let Oand > O besuchthat8t O
YA t

z(t) + z(s)ds :
0

Then8t 0, z(t) et

Outline of the proof

a) (5.1) has a unique solution of the form
S(t)zg = Tp (t)zo 202 Z
such that 8t 0: Tp(t) 2 L(2), (5.2) is valid,
To()z02 C(0;T;Z) 8T >0
and (5.3) is satis ed.

b) fTo(t)gr 0 L(Z2)is a Co{SG and its generator isA + D;
furthermore (5.4) holds.
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a): Solving (5.1) . Dene 8252 Z

8 9
2 Sz = T(M2 2
t ,  (5.5)
> S'(t)zg = T(t s)DS" Ys)zgds 7
0
and let
p 3
Tp (t) = S"(t) : (5.6)
n=0
De ne
X
SN (t)Zo = s" (t)Zo . (57)
n=0
Then kT(t)k Me' implies by induction
n
kS"(H)k M"* kDK™ L et (5.8)

n!
= True for n =0;

True for n 1 =) true for n.
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To see this ob%erve that
t

n 1
kS" (t)zok KT(t s)kkDkM" D" ' > s dskzok
0 (n 1)
whence
Zt
kS" (t)k Me' kDK"M" n 1
S"(t) e " D, s" lds
—{z—}
=t"=n
tn
M1 kDK" — et U
n!
Then
R *
ks"(k  Met  (MKDKDT _ e emkoi
n=0 oM (5.9)
Mel' *MKDI)T 8t 2 [0;T] :
X

It follows that the series  S"(t) converges absolutely ink k;

n O

189

uniformly in t 2 [0; T]. Hence by (5.6) and (5.9):
8t 0  KTp(hk Mel *MkPI!

whence8t 0 Tp(t) 2 L(Z) and (5.2) is true.

Moreover by (5.7) and (5.5):
YA t

8N  1:Sy(t)zo= T(t)zo+ T(t s)DSn(S)zods; zp 2 Z (5.10)

0
where 8N 0 by induction

Sn(t)zp 2 C(0;T; 2)

+ True for N =0 as Sp(t)zg = T(t)zp. True for N 1 implies true
for N: observe thatSy 1()zo 2 C(0;T;Z) L(0;T;Z) such that

Lemma 4.3 and (5.10) yield: Sy ()zo 2 C(0;T;2) u,

and

Jim Sy ()20 = To(t)zo  uniformly in t 2 [0; T]

(5.11)
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+ As
R
KTp(t)zo Sn(t)zok = S"(t)zo
n=N +1
R N 11 _ _
k zok kS"(t)k ! O uniformly in t 2 [0;T]
n=N +1
hs
as kS" (t)k converges uniformly int 2 [0; T] U
n=0

The conclusion is that in view of (5.11), letting N '1  in (5.10)
yields (5.3) and moreover

To()z0 2 C(0;T;2) 8T >0 :

Thus (5.1) has a solutionS(t)zp = Tp (t)zp as was required.
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Uniqueness of the solution

Let S(t)zo be a solution of (5.1). Then
YA t

8202 Z: [Tp(t) S(t)]z = T(t sS)D[Tp(s) S(s)]zyds
0

whence
Z t

K[To (1) S(t)]zok M kDk € & SKTp(s) S(s)]zokds :

0
Then de ning g(t) := e " K[Tp (1) S(t)] zok gives
Z t

gt) MkDk g(s)ds+ "
0

where" 0 is arbitrary. Therefore by Gronwall's Lemma:
0 g(t) "eMkPKt where " 0 is arbitrary :

Thus g(t) Oi.e. Tp(t)zg = S(t)zo 8t O.

%
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b): fTo(t)g: 0 L(Z) is a Co{SG.
SinceTp()zp2 C(0;T;Z) 8T > 0 we are done if
Tp(O0)=1 and Tp(t+s)= Tp(t)Tp(S) :
For this purpose note that by (5.3)
Tp(0)zo = T(0)zp = 2o 4:

Moreover by (5.3)

Z t+s
Top(t+ S)zg=T(t+ S)zo + T(t+s )DTp( )zpd =
Z 0
=T{)T(S)zo + T(t+ s )DTp( )zod +
0
Z t+s
+ T(t+ s )DTp( )z d ;
S
193
whence
Z S
To(t+ S)zo=T(1)T(S)zo + T(t) T(s )DTp( )zod +
Z . 0
+ T(t )IDTp( +8)zpd =

0 Zt

= T(t)TD (S)Zo + T(t
0

)DTp( + 9)zp d

Moreover
Z t

To (1) To(S)zo = T(t)To(S)z0 + . T(t

)DTo ( )To(S)z0 d
Hence by subtraction

Tp (t + S)Zo
Z t
- T
0

To (1)To(S)z0 =

)D[To( +s) Tpo( )To(s)]zd

%
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Then:

k[TD (t + S% TD (t)TD (S)] Zok
t
MkDk € DKTp( +5s) To( )Tp(s)]zokd
0

whence withg(t) := e ' k[Tp(t+s) Tp (1)Tp (S)] zok,
gt) M kaZOt g(s)ds+ "
where" 0 is arbitrary. Therefore by Gronwall's Lemma
0 g(t) "eMkPkt 8t 0 where " 0 is arbitrary :
Thus g(t) 0, whenceTp (t+ S)zg = Tp (1) Tp (S)z0 4 .
The G-SGfT(t)gt ¢ L(2 is generated by A+ D.

Denote by & the generator off T(t)gr ¢ L(Z). We shall prove
that £= A+ D.
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For this purpose we establish: 8z5 2 Z

lim h *[To(h)  T(h)zo= Dz : (5.12)

3
+ Observe that h [Tp(h) T(h)]zo =

Z h
=h?!! Tt s)DTp(s)z =
Zoh Z
=h ! T( sD[Tp(S)z0 z]ds+ h ! T(s)Dzeds
| 0 {z } I 0 {z }
i I' Dzg (h! 0+) (Theorem 3.4)
where
. T
i MKkDkgn L KIp(s)zo zkds ! 0:
T {z }

' 0(h! O+)as kTp (t)zo zok2 C(O;T)

Hence (5.12) holdsu
&
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&

Consider now

h *[To(h)zo 2z]=h *[T(h)zo 2]+ h *[To(h) T(h)]z

Then as was required

(5:12)
zozD(A)Zo}J['{zozo(&) and 82,2D(R): Rzo=(A+ D)z :

(5.4) is true.

The generator A is a perturbation of A+ D by D i.e.

A=(A+ D) D. Therefore exchangingTp (t) and T(t) by T(t)
and Tp (t) in (5.3)
Z t
T(t)zo = Tp(t)zo Tp(t s)DT(s)zods
0
l.e. (5.4) holds. [
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Theorem 5.2 (Triangular generators). Let Z; and Z, be two
Hilbert spaces, and let fori =1;2: fTi(t)g: 0o L(Z;) be a G{SG

generated byA; : D(Aj) Z ! Z;. Let moreoverD 2 L(Z1;2Z))
and consider
( )
Z1 .
=71 Zp,= 7= 2z 27Z:1=1;2
Z3
Then "
A
A= : D(Ay) D (Ay) ZzZ!' Z
D A,
Is the generator of a G{SG fT(t)g: o L (Z) such that
" # ) #" #
Z To(t 0 z
8z= ' 2Z: T()z= (1) ! (5.13)
Z, S(t)  Tat) r4)
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where
Z t

S(t)z; = To(t sS)DTi(s)zyds2 L(Z1;Z2); t O
0

and
Lo [T()] = max Lo [Ti(1)] : (5.14)

Proof. Z=2, Z, is a Hilbert space with a scalar product
ey 2%, + bz 29iz,

Note that A = A+ D where
" # " #
A O O O
A= - and D :=
o A D O

with D 2 L(Z) and A:D(A1) D (Az) Z! Zthe generator of
&
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Z
aCofSG fT()g o L(Z) suchthat 8z= + 2z
V47)
# #
T]_(t) 0 Z1

T(t)z =
0 Tz(t) V&)
By Theorem 5.1 A = A+ D is the generator of a G{SG
fT(t)ge o L(Z) such that
) # ) 1 12 # #
z T(t) T(t z
8z = o T(t)z = ® ® !
Z5 T2 (t)  TA(t) Z;

and Z .
T(t)z=T(t)z+ T(t s)DT(s)zds z2 Z :
0
Therefore8z; 2 Z; 1=1;2

Ttz + TRz = Ti()za
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and
YA t
T2z + T2(t)zo = Ta(t)zo+  To(t  S)D[TY(s)zy + T?(s)z,]ds:
0
Thus for z, =0: TI(t) = T4(t) and
Z t
T21(t)21 = To(t s)DTi(S)zids = S(t)zy
0

such that for z; = 0O:

T2(t) 0 and T2(t)= Tu(t) :

As a consequencd (t) 2 L(Z) has the form (5.13). Let now
0= m?xz! [Ti(t)] and "> 0. Then fori =1;2
i=1;

kTi()k M el ot ™t (5.15)
201
and with Mg+ = MM 1+ KDk
Z t
kS(t)zik Mype el 0" Itdskzik
0
whence
KS(K_ 2,2,y Marrel ¢80t Kopeel 0270 (5.16)
Thus S(t) 2 L(Z1;Zy).
Moreover put ! o := ! o [T(t)], and note that with
kzk® = kz1k® + kzok?:
KT (t)zk? = KT1(t)z1k* + kS(t)zy + To(t)zok* (5.17)

Thus with z, =0
KT1(t)zik? KT (t)zk?
kz, k? kzk?
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giving
o KTOZK KT (02K
2P kK Pk

and with z; = 0 similarly

KT (t)k

= KT (kK :

kTo(t)k k T(t)k :
Therefore fori =1;2: f[—L In KT; (t)k % In KT (t)k such that for
t1l ! O[Ti (t)] o, whence 0 Io.
Moreover by (5.17) and (5.15) { (5.16)
KT(OK>  k Ti()k? + 2 kS(H)k? + 2 kT, (t)k?
M2 +2K3. +2M2Z e o*2t K22l o*2 )t
whereK- 1.

1 1
Thus for t > 0: T In KT (t)k ot2" + T In K+, whence for

203

t!l1 : 1o o+2"," arbitrary. It follows that ! o and thus
nally !'9= o i.e. (5.14) holds. [

Concluding Remarks

Although very technical in nature the course opens access tother
elds such as in nite-dimensional system theory, advancedresults
of partial di erential equations, retarded equations, etcetera...

The main purpose has been the set-up of a correct mathemati¢a
background for these elds.
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