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Preface

These lecture notes are those of a course to be considered as a
complement of functional analysis, intended for fourth year
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students in Applied or Pure Mathematics (or higher), having also
followed a course on measure and integration. It is the result of the
author's teaching since 1991 of the course \Compl�ements d'Analyse
{ Th�eorie des Semi-groupes" to fourth year Mathematics students
of the University of Namur (FUNDP), and to graduate students of
the \Diplome d'Etudes Approfondies (DEA) Interuniversita ire en
Math�ematiques" of the French speaking community of Belgium.
The course handles essentially 1) semigroup theory : generalization
of the exponential T(t) = eAt where A is a linear operator, more
precisely an endomorphism on a Hilbert spaceZ , which is closed
and densely de�ned, and 2) the solution of the related Cauchy
homogeneous problem (( _z(t) = Az(t)) and its controlled version
( _z(t) = Az(t) + f (t)).
The results allow to study the evolution of dynamical systems
governed by partial di�erential equations (heat, wave equation ...)
or by di�erential equations containing delays, having as state space
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a Hilbert space Z that is in�nite-dimensional and separable.

A short description of the subjects is: Intuitive transform ation of
the solution of the heat equation as the solution of a controlled
Cauchy problem mentioned above. Properties of strongly
continuous semigroupsT(t) = eAt and their generatorsA
(Hille-Yosida generator existence theorem) and the solution of the
associated homogeneous Cauchy problem given byT(t)z0 = eAt z0.
Particular cases: contraction semigroups and the case where Z has
a Riesz basis of eigenvectors ofA (generalization of an orthonormal
basis). Solution of the controlled Cauchy problem: existence of
classical solutions (continuously di�erentiable), strong solutions
(absolutely continuous), and weak solutions (weakly absolutely
continuous), represented by the mild solution corresponding to the
variation of constants formula. Perturbed generators, correspon-
ding to the controlled Cauchy problem, where one puts
f (t) = Dz(t) (state feedback).
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For more detail see the table of contents. There are also concluding
remarks and a list of references at the end.
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1 Semigroups: Motivation + De�nition

Consider the di�erential equation

_z(t) = Az(t) + Bu(t) z(0) = z0 2 Rn

where A 2 Rn � n , B 2 Rn � m , z(t) 2 Rn is the state, and
u(�) : R+ �! Rm is a piecewise continuous control.

It is well known that

z(t) = eAt z0 +
Z t

0
eA (t � s) Bu(s)ds : (1.1)

Generalization of (1.1) whenz(t) 2 Z is a separable Hilbert state
space?

Example 1.1. Consider the heating of a metal bar of unit length

7

'

&

$

%

described by theheat equationi.e.
8
>>>>><

>>>>>:

@z
@t

(x; t ) =
@2z
@x2

(x; t ) + u(x; t )

z(x; 0) = z0(x)

@z
@x

(0; t) = 0 =
@z
@x

(1; t); t � 0; x 2 [0; 1]

9
>>>>>=

>>>>>;

(1.2)

where

z(x; t ) = temperature at x at time t

u(x; t ) = density of heat at x at time t

z0(x) = initial temperature; the bar is isolated at x = 0 and x = 1.

Choose state space Z = L2(0; 1) i.e. 8t � 0 z(�; t) := z(t) 2 L2(0; 1).

Moreover 8t � 0 u(�; t) =: u(t) 2 L2(0; 1), z(�; 0) = z0(�) 2 L2(0; 1).
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De�ne the operator A : D(A) � Z �! Z and B : Z �! Z such that:
8
>>>>>>>>><

>>>>>>>>>:

D(A) =
�

h 2 L2(0; 1) : h;
dh
dx

are AC;
d2h
dx2 2 L2(0; 1)

dh(0)
dx

= 0 =
dh(1)

dx

�

Ah =
d2h
dx2 8h 2 D (A)

Bu = u i.e B = I Z = identity.

(1.3)

* formally (1.2) reads \
@z
@t

(�; t) = Az(�; t) + Bu(�; t)".

Let us indicate formally how to obtain the solution of (1.2) i n the
form

z(t) = eAt z0 +
Z t

0
eA (t � s) Bu(s)ds : (1.4)

Assume that z(�; �) and u(�; �) are su�ciently smooth.
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Let f � n gn 2 N be a ON (orthonormal) basis of Z such that

� n (x) =

(
1; n = 0

p
2 cosn�x; n � 1

)

:

* Z 1

0
� m (x)� n (x)dx = � mn (1.5)

and
d� n (0)

dx
= 0 =

d� n (1)
dz

(1.6)

where f � n gn 2 N � D (A). Put (separation of variables)

z(x; t ) :=
X

n � 0

zn (t)� n (x)

u(x; t ) :=
X

n � 0

un (t)� n (x)

10
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z0(x) :=
X

n � 0

z0n � n (x) :

Note by (1.6) that
@z
@x

(0; t) = 0 =
@z
@x

(1; t).

In addition � n will be such that

d2� n

dx2 = � n � n where � n = � n� 2; n � 0

(eigenvectors ofA as A� n = � n � n ). Note that
Z 1

0
z(x; t )� n (x)dx =

X

m � 0

zm (t)
Z 1

0
� m (x)� n (x)dx = zn (t)

and similarly
Z 1

0
u(x; t )� n (x)dx = un (t).

Hence multiplying (1.2) by � n (x) and integrating with respect to
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x 2 [0; 1] gives
Z 1

0

X

m � 0

dzm (t)
dt

� m (x)� n (x)dx =

=
Z 1

0

X

m � 0

zm (t)
d2� m (x)

dx2 � n (x)dx +
Z 1

0

X

m � 0

um (t)� m (x)� n (x)dx

i.e.
X

m � 0

dzm (t)
dt

Z 1

0
� m (x)� n (x)dx =

=
X

m � 0

� m zm (t)
Z 1

0
� m (x)� n (x)dx +

X

m � 0

um (t)
Z 1

0
� m (x)� n (x)dx

such that 8n � 0
(

_zn (t) = � n zn (t) + un (t); t � 0

zn (0) = z0n

)

:
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Thus 8n � 0 : zn (t) = e� n t z0n +
Z 1

0
e� n ( t � s) un (s)ds. Thus

z(x; t ) =
X

n � 0

zn (t)� n (x) =

=
X

n � 0

e� n t z0n � n (x) +
X

n � 0

Z t

0
e� n ( t � s) un (s)ds � n (x) :

... Writing di�erently ... forgetting x...

z(t) = z(�; t) =
X

n � 0

e� n t z0n � n (�)

| {z }
À

+
Z t

0

hX

n � 0

e� n ( t � s) un (s)� n (�)

| {z }
Á

i
ds =

= À +
Z t

0
[Á ]ds:
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As A� n = � n � n one has formally

eAt � n =
X

m � 0

[At ]m

m!
� n =

X

m � 0

[� n t]m

m!
� n = e� n t � n

i.e.
eAt � n = e� n t � n :

Take z 2 Z then z =
X

n � 0

zn|{z}
2 R

� n , such that

eAt z(�) =
X

n � 0

zn eAt � n (�) =
X

n � 0

e� n t zn � n (�) :

Hence we get

À =
X

n � 0

z0n eAt � n (�) = eAt
X

n � 0

z0n � n (�) = eAt z0(�)

Á =
X

n � 0

un (s)eA (t � s) � n (�) = eA (t � s)
X

n � 0

un (s)� n (�) =

14
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= eA (t � s) u(�; s) =: eA (t � s) u(s) =|{z}
B = I Z

eA (t � s) Bu(s) :

Thus formally for t � 0

z(t) = z(�; t) = eAt z0(�)
| {z }

2 Z

+
Z t

0
eA (t � s) Bu(s)

| {z }
2 Z

ds :

"It works", but questions:

" A generateseAt : Z �! Z"?

Integrals and derivatives of functions z(�) where 8t z(t) 2 Z =
Hilbert space?

In the sequel we shall denoteeAt (t � 0) as T(t), " T(t) = eAt " is
called a semigroup of (exponential) operators.

Furthermore we shall assume that Z is a separable Hilbert space.

De�nition 1.1. A family of operators f T(t)gt � 0 � L (Z) such that
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a)
T(t + s) = T(t)T(s) t; s � 0 (1.7)

b)
T(0) = I (1.8)

c)
8z 2 Z lim

t ! 0+
kT(t)z � zkZ = 0 : (1.9)

is called a C0{ semigroup(C0{SG).

*

a) (1.7) is the SG (semigroup) property of operators, i.e. the
operator{valued function t 2 R+ 7�! T(t) 2 L (Z) is closed
under composition on the semigroup (R+ ; +) (i.e.
t; s � 0 7�! t + s =) T(t)T(s) = T(t + s)).

+ f T(t)gt 2 R � L (Z) is a group of operators if the function
t 2 R 7�! T(t) 2 L (Z) is closed under composition on the
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group (R; +) i.e. t; s 2 R 7�! t + s =) T(t)T(s) = T(t + s).
Note that in this case with s = � t

T(t)T(� t) = T(� t)T(t) = T(0) = I

whence

8t 2 R T(t)� 1 = T(� t) 2 L (Z) :

b) (1.9) is the property of strong continuity of T(t) at 0+, i.e.
8z 2 Z t � 0 7�! T(t)z 2 Z is continuous in k�kZ at 0+.

If T(t) is continuous at 0+ in k�kL (Z) then we shall say that the
C0{SG is uniformly continuous.

c) Later on we shall denotef T(t)gt � 0 by T(t) or eAt .

Example 1.2. Let A 2 L (Z) and eAt :=
1X

n =0

[At ]n

n!
8t 2 R. Then

�
eAt

	
t 2 R is a uniformly continuous C0{group.
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Proof. Observe that




 eAt






L (Z) �
1X

n =0

kAt kn
L (Z)

n!
= ekAt kL (Z) < 1 :

(series is absolutely convergent ink�kL (Z) independently of the

order of summation). ThereforeeAt 2 L (Z) 8t 2 R. Moreover

1) eAt
�
�
t =0 = I

2)



 eAt � I






L (Z) =












1X

n =1

[At ]n

n!












L (Z)

� ekAt kL (Z) � 1 �!|{z}
t ! 0

0

=) uniform continuity at t = 0.

3) 8t; s 2 R eAt eAs = eA (t + s) . Indeed (by the binomial formula)

[A(t + s)]k

k!
=

[At + As]k

k!
=

kX

m =0

[At ]m

m!
[As]k � m

(k � m)!
;
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m + n = k

k

k

Figure 1.1: Principle of changing the indices of summation

whence

eAt eAs =
X

m;n � 0

[At ]m

m!
[As]n

n!

Figure 1.1
z}|{
=

=
1X

k=0

kX

m =0

[At ]m

m!
[As]k � m

(k � m)!
=

1X

k=0

[A(t + s)]k

k!
= eA (t + s) :

Example 1.3. Let Z = L 2(0; 1 ) and T(t) : Z �! Z be the
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left-shift operator de�ned by 8t � 0 8h 2 L2(0; 1 )

[T(t)h](x) = h(x + t) x � 0 :

Then f T(t)gt � 0 is a C0{SG.

Proof. 1)

kT(t)hk2
Z =

Z 1

0
jh(x + t)j2 dx =

Z 1

t
jh(y)j2 dy � k hk2

Z

(= if h(x) = 0 for [0,t]) = ) k T(t)kL (Z) = 1,
T(t) 2 L (Z) 8t � 0.

2) 8t; s � 0 T(t)T(s) = T(t + s). Indeed

[T(t)T(s)h](x) = [ T(s)h](x + t) = h(x + t + s) = [ T(t + s)h](x) :

3) 8h 2 L2(0; 1 ) = Z : kT(t)z � zkZ �! 0 (t ! 0+). Indeed
without loss of generality h(�) is continuous with compact
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support (dense in L2(0; 1 )). Hence

kT(t)h � hk2
Z =

Z 1

0
jh(x + t) � h(x)j2 dx =

=
Z T

0
jh(x + t) � h(x)j2
| {z }

�! 0 ( t ! 0+) N

dx �! 0 (t ! 0+)

N { uniformly in x 2 [0; T ] becauseh(�) is uniformly continuous
on [0; T + 1].

Example 1.4. Let Z be a separable Hilbert space and letf � n gn � 1

be an ON basis of Z, whence8z 2 Z : z =
X

n � 1

hz; � n i � n .

Let f � n gn � 1 � R.
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De�ne 8t � 0 8z 2 Z

T(t)z =
X

n � 1

e� n t hz; � n i � n : (1.10)

Then

1) f T(t)gt � 0 � L (Z) () sup
n � 1

� n < 1 .

2) sup
n � 1

� n < 1 () f T(t)gt � 0 is a C0{SG.

Proof. 1) f � n gn 2 N ON basis of Z =)

kT(t)zk2
Z =

X

n � 1

e2� n t jhz; � n ij 2 :

Let � := sup
n � 1

� n

Ü : if � < 1 then 8n � 1 e2� n t � e2�t

HencekT(t)zk2
Z � e2�t kzk2 8z 2 Z,
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whencekT(t)kL (Z) � e�t 8t � 0,

and thus T(t) 2 L (Z).

Þ : if kT(t)kL (Z) < 1 then

kT(t)zk � k T(t)k kzk :

Choosez = � m .... T (t)� m = e� m t � m , k� m k = 1 whence

e� m t = kT(t)� m k � k T(t)k < 1 8 m :

It follows that � m �
1
t

ln kT(t)k < 1 8 m, whence

� := sup � m < 1 .

* One �nds kT(t)k = et sup � n t � 0;

÷ k� n k = 1 = ) k T(t)� n k = e� n t � k T(t)k � et sup � n =)

=) k T(t)k = et sup � n ù

2) Ü : This is obvious asT(t) 2 L (Z) 8t � 0.
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Þ : 8t � 0 T(t) 2 L (Z). Moreover we get:

� The SG Property: Indeed 8z 2 Z

T(t)T(s)z =
X

n � 1

e� n t hT(s)z; � n i � n =

=
X

n � 1

e� n t
DX

m � 1

e� m shz; � m i � m ; � n

E
� n =

=|{z}
h� m ;� n i = � mn

X

n � 1

e� n ( t + s) hz; � n i � n = T(t + s)z :

� Strong continuity at 0+. To see this, take t 2 [0; 1], and consider

kT(t)z � zk2 =
X

n � 1

�
�e� n t � 1

�
�2

jhz; � n ij 2 ;

where for t 2 [0; 1] with � := sup
n � 1

� n

�
�e� n t � 1

�
�2

jhz; � n ij 2 � (ej � j + 1) 2 jhz; � n ij 2 2 `1 ;

24
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and
8n lim

t ! 0+

�
�e� n t � 1

�
�2

= 0 :

Hence by the discrete dominated convergence theorem

lim
t ! 0+

X

n � 1

�
�e� n t � 1

�
�2

jhz; � n ij 2 = 0 :

*

Example 1.1 is a particular case of Example 1.4 with Z = L2(0; 1),

� n = � (n� )2 (n � 0); � n (x) =

8
<

:

1; n = 0
p

2 cosn�x; n � 1

In this case f T(t)gt � 0 � L (Z) is a C0{SG with

kT(t)k = et sup � n = 1 :
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2 Interlude: Mathematical Tools

2.1 Theorems of functional analysis

Theorem 2.1 (Uniform Boundedness Principle). X =
Banach space, Y = normed space. Letf T� g� 2 A � L (X ; Y). Let
8x 2 X sup

� 2 A
kT� xkY < 1 . Then sup

� 2 A
kT� kL (X ;Y) < 1 .

Theorem 2.2 (Limit operator). Let X and Y be Banach spaces.
Let S � X be dense in X. Let f Tn gn 2 N � L (X ; Y) such that:

a) kTn kL (X ;Y) < M 8n

b) lim
n !1

Tn x 2 Y 8x 2 S.

Then:

1) lim
n !1

Tn x 2 Y 8x 2 X

26
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2) 9! T 2 L (X ; Y) such that 8x 2 X

T x = lim
n !1

Tn x (2.1)

3) kTn kL (X ;Y) � lim
n !1

inf kTn kL (X ;Y) .

* (2.1) () T is the strong limit of the Tn .

2.2 Measurable functions with values in Z

Z = separable Hilbert space.

De�nition 2.1. f : R �! Z is weakly measurablei� 8z 2 Z,
hf (�); zi : R �! R is measurable i.e. (valid for Z = Banach space)
8' 2 L (Z; R), ' [f (�)] : R �! R is measurable.

Theorem 2.3. f : R �! Z measurable =) k f (�)kZ : R �! R
measurable.

Proof. Let f � n gn 2 N � Z be an orthonormal basis of Z. Then

27
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kf (�)k =
n X

n � 1

jhf (�); � n ij 2
o1=2

is measurable because the series of

measurable functions is measurable and the root of a measurable
function is measurable.

Z = Banach space.

ClassCV:=
f f (�) : R �! Z measurable taking countably many valuesg

(R; E; m) = Lebesgue measure space overR

f 2 CV
4

() f (�) : R �! Z and 9
�

E i
	 1

i =1 � E such that

R =
1]

i =1

E i (disjoint union) and 9
�

f i
	 1

i =1 � Z such that

f (t) =
1X

i =1

f i � E i (t).

De�nition 2.2. f (�) : R �! Z is strongly measurable
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4
() 9

�
f n (�)

	 1
i � CV such that kf (t) � f n (t)kZ �! 0 (n ! 1 )

almost everywhere.

Theorem 2.4. (Hille and Phillips, 1957)

f (�) is strongly measurable ()

1) f (�) is weakly measurable

2) Imagef (�) is separable almost everywhere

i.e. 9 S countable such that Imagef (�) almost everywhere� S.

Theorem 2.5. (Hille and Phillips, 1957) If Z is separable, then
f (�) : R �! Z is strongly measurable () f (�) : R �! Z is
weakly measurable.

Proof. 9S countable such that S = Z, whence Imagef (�) � Z = S,
2) is satis�ed.

* Henceforth Z will mean a separable Hilbert space and we shall
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simply say that f (�) is measurable.

1) Sums, products, limits measurable

2) Norms and scalar products measurable

3) f (�) strongly continuous =) f (�) weakly continuous =) f (�)
(weakly) measurable.

2.3 Integrable functions with values in Z

De�nition 2.3. f 2 CV is integrable
4

() f 2 CV \ L1 ()
Z

R
f (t)dt : =

1X

i =1

f i m(E i ) converges absolutely i.e.

Z

R
kf (t)k dt =

1X

i =1

kf i k m(E i ) < 1 .

De�nition 2.4. f (�) : R �! Z is B {integrable ( Bochner-,

strongly integrable)
4

() f 2 L1 = L 1(R; Z)
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() 9
�

f n (�)
	 1

1 � CV \ L1 such that

kf (t) � f n (t)kZ �! 0 (n ! 1 ) almost everywhere (2.2)

and Z

R
kf (t) � f n (t)kZ dt �! 0 (n ! 1 ) (2.3)

and then

(B )
Z

R
f (t)dt : = lim

n !1

Z

R
f n (t)dt 2 Z (2.4)

and Z

R
kf (t)k dt = lim

n !1

Z

R
kf n (t)k dt 2 R : (2.5)

* CV \ L1 is a linear space and8f 2 CV \ L1










Z
f (t)dt








 �

Z
kf (t)k dt; ÷







X

f i m(E i )





 �

X
kf i k m(E i ) ù

2 Notes:
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a) (2.2) () f (�) is measurable.

b) By (2.3) the sequences
� Z

R
f n (t)dt

�
� Z and

� Z
kf n (t)k dt

�
� R are Cauchy ones such that the limits in

the right-hand sides of (2.4) and (2.5) exist.

÷ With m > n ! 1









Z
f m dt �

Z
f n dt








 =










Z
(f m � f n )dt








 �

Z
kf m � f n k dt �

�
Z �! 0

z }| {
kf m � f k dt +

Z �! 0
z }| {
kf � f n k dt ! 0 :

Moreover
�
�
�
�

Z
kf m k dt �

Z
kf n k dt

�
�
�
� =

�
�
�
�

Z
(kf m k � k f n k)dt

�
�
�
� �

�
Z

jkf m k � k f n kj dt �
Z

kf m � f n k dt ! 0 ù
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c) (Hille and Phillips, 1957):

Theorem 2.6. f (�) : R �! Z is B {integrable () f (�) is

measurable and
Z

R
kf (t)k dt < 1 .

De�nition 2.5 (Weakly or Pettis{integrable (Hille and
Phillips, 1957)). f (�) : R �! Z is P{ integrable ()

f (�) is measurable and 8z 2 Z hf (�); zi Z 2 L1 (2.6)

and then

9! (P)
Z

R
f (t)dt 2 Z such that

�
(P)

Z

R
f (t)dt; z

�

Z
:=

Z

Z
hf (t); zi dt 8z 2 Z :

(2.7)

Justification

Theorem 2.7. f (�) is P{integrable = ) W : Z �! L1 :
z 7�! Wz : = hf (�); zi is closed and thus (closed graph theorem):
W 2 L (Z; L1).
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Proof. Let f zn gn 2 N � Z such that zn
Z�! z and Wzn

L 1

�! y i.e.Z

R

�
�
�hf (t); zn i � y(t)

�
�
�dt �! 0 (n ! 1 ). Then without loss of

generality (extraction of a subsequence) (Corollary of the
Riesz{Fisher Theorem) y(t) = lim

n !1
hf (t); zn i = hf (t); zi almost

everywhere. Thus

y(�) L 1

= hf (�); zi = W z :

Corollary 2.1. f (�) is P{integrable = ) the functional

J : z 2 Z 7�! Jz :=
Z

R
hf (t); zi dt is bounded, i.e. J 2 L (Z; R).

Proof.

jJzj =
�
�
�
Z

R
hf (t); zi dt

�
�
� �

Z

R
jhf (t); zij dt := kW zkL 1
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whence with W 2 L(Z; L1):

jJzj � k W kL (Z ;L 1 ) kzkZ 8z 2 Z :

Thus kJ kL (Z ;R) � k W kL (Z ;L 1 ) < 1 .

Justification of (2.7)

With J 2 L (Z; R) one has by the Riesz representation theorem

9! (P)
Z

R
f (t)dt 2 Z such that Jz =

�
(P)

Z

R
f (t)dt; z

�
:

One obtains (2.7).

Theorem 2.8. Let f (�) : R �! Z be B {integrable. Then

a) f (�) is P{integrable

b) (B )
Z

R
f (t)dt = ( P)

Z

R
f (t)dt
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c)










Z

R
f (t)dt








 �

Z

R
kf (t)k dt.

Proof. a) f (�) is B {integrable

=) k f (�)k 2 L1 whence8z 2 Z jhf (�); zij � k f (�)k kzk 2 L1 :

Thus hf (�); zi 2 L1, whencef (�) is P{integrable.

b) without loss of generality f (�) 2 CV \ L1 as it is dense in L1.

f (t) =
1X

i =1

f i � E i (t) such that
1X

kf i k m(E i ) =
Z

R
kf (t)k dt :

Then with z 2 Z
�

(P)
Z

R
f (t)dt; z

�
4
=

Z

R
hf (t); zi dt =

Z

R

D 1X

i =1

f i � E i ; z
E

dt =
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=|{z}
h�;�i is continuous

Z

R

1X

i =1

hf i ; zi � E i dt =|{z}
E i are disjoint

1X

i =1

hf i ; zi m(E i )

�
(B )

Z

R
f (t)dt; z

�
=

D 1X

i =1

f i m(E i ); z
E

=
1X

i =1

hf i ; zi m(E i ) :

c) B {integrable = ) 9f f n gn 2 N � CV \ L1 such that
Z

fdt = lim
Z

f n dt and
Z

kf k dt = lim
Z

kf n k dt ; where

8n 2 N










Z
f n dt








 �

Z
kf n k dt :n !1=)










Z
fdt








 �

Z
kf k dt :
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2.4 Important integral theorems

Theorem 2.9 (Dominated convergence). Let
f f n gn 2 N � L1(R; Z) and f : R ! Z such that kf n (t) � f (t)k ! 0
almost everywhere (n ! 1 ). Assume that

9 g 2 L1(R; R+ ) such that 8n kf n (t)kZ � g(t) almost everywhere:

Then: f 2 L1(R; Z) and
Z

R
f (t)dt = lim

n !1

Z

R
f n (t)dt.

Proof.

kf n (t)k � g(t) n !1=) k f (t)k � g(t) 2 L1
R

=) f (�) 2 L (R; Z)

=) k f n (t) � f (t)k � 2g(t) 2 L1 =)










Z
fdt �

Z
f n dt








 =

=










Z
(f � f n )dt








 �

Z
kf � f n k dt ! 0 (dominated convergence):
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Theorem 2.10 (Exchange with A closed). Let
A : D(A) � Z ! Z be closed andf (�) 2 D (A) almost everywhere.
Let f 2 L1(R; Z) and Af 2 L1(R; Z).

Then Z

R
f (t)dt 2 D (A) ;

and

A
Z

R
f (t)dt =

Z

R
(Af )( t)dt :

Short proof. Without loss of generality f (�) 2 D (A) and
f 2 CV \ L1 such that

Z
fdt = lim

n !1

1X

i =1

f i m(E i ) := lim
n !1

xn
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f (�) 2 D (A) =) f (t) 2 D (A) 8t =) f i 2 D (A) 8i =)

=) xn 2 D (A) 8n :

Moreover, Af 2 L1 and
Z

Afdt = lim
n !1

nX

i =1

Af i m(E i ) = lim
n !1

Ax n :

SinceA is closed
Z

f (t)dt 2 D (A) and A
Z

f (t) =
Z

Afdt .

Theorem 2.11 (Di�erentiation under the sign of the
integral). I = open interval. Consider f (t; � ), ( t; � ) 2 R � I .

8� 2 I : f (�; � ) 2 L1(R; Z) and
d
d�

f (�; � ) : R ! Z exists almost

everywhere.

9g(�) 2 L1(R; R+ ) such that:

8� 1; � 2 I : kf (�; � 1) � f (�; � )k � g(�)j� 1 � � j almost everywhere.
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Then

8� 2 I :
d
d�

f (�; � ) 2 L1(R; Z) and
d
d�

Z

R
f (t; � )dt =

Z

R

�
d
d�

f (t; � )
�

dt.

Proof. For using dominated convergence, let�; � 1 2 I , and consider

d
d�

f (t; � ) = lim
� 1 ! �

�
f (t; � 1) � f (t; � )

� 1 � �

�
:

Observe that
kf (t; � 1) � f (t; � )k

j� 1 � � j
� g(t) almost everywhere. Hence

by Theorem 2.9

d
d�

f (�; � ) = lim
� 1 ! �

f (�; � 1) � f (�; � )
� 1 � �

2 L1(R; Z) and
Z

R

d
d�

f (t; � )dt =

= lim
� 1 ! �

1
� 1 � �

� Z
f (t; � 1)dt �

Z
f (t; � )dt

�
=

d
d�

Z

R
f (t; � )dt :
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2.5 Closed densely de�ned operators

We shall considerA 2 CD(Z) i.e. A : D(A) � Z �! Z linear,
closed such thatD(A) = Z.

De�nition 2.6 (adjoint of A). A � : D(A � ) � Z �! Z such that

8x 2 D (A); 8y 2 D (A � ) hy; Ax i = hA � y; zi

where y 2 D (A � ) i� the linear functional

f y : x 2 D (A) 7�! f y (x) = hy; Ax i

is bounded i.e.

9K y : jf y (x)j = jhy; Ax ij � K y kxk 8x 2 D (A) :

2 Notes:

1. As D(A) is dense in Z,f y has a continuous extension
f y 2 L (Z; R). Hence by the Riesz representation theorem

42



'

&

$

%

9! A � y 2 Z such that

f y (x) = hy; Ax i = hA � y; xi :

2. ker A is closed; and

Theorem 2.12. (Rudin, 1991) A � 2 CD(Z), A �� = A,
(ker A)? = ImageA � .

3. A is self{adjoint i� A = A � i.e. D(A) = D(A � ) and Ax = A � x
8x 2 D (A).

Example 2.1. f � n gn 2 N � R, f � n gn 2 N ON basis of Z.

Az =
X

n � 1

� n hz; � n i � n ; D(A) =
n

z 2 Z :
X

n � 1

j� n hz; � n ij 2 < 1
o

:

Then A 2 CD(Z) and A = A � .
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3 Semigroup Theory

3.1 Strongly Continuous Semigroups

3.1.1 Bounds, continuity and growth constant

Theorem 3.1 (Elementary properties of a C 0{SG). Let
f T(t)gt � 0 � L (Z) be a C0{SG where Z is a Hilbert space.

Then

a) kT(t)k is bounded on any interval [0; T ], T > 0

b) 8z 2 Z t � 0 7�! T(t)z is continuous in k�kZ i.e. t 7! T(t) is
strongly continuous i.e. of class C0

c) If ! 0 := inf
t> 0

�
1
t

ln kT(t)k
�

, then ! 0 = lim
t ! 0

�
1
t

ln kT(t)k
�

< 1

d) 8! > ! 0 9 M ! � 1 such that kT(t)k � M ! e!t .
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* ! 0 is called the growth constantor type of the C0{SG.

Proof. a) Step 1:

9� > 0 and M � 1 such that kT(t)k � M 8t 2 [0; � ] :

÷ Proof by contradiction: If not, then 9f tn g, tn ! 0+, such
that kT(tn )k �! 1 . Thus by the uniform boundedness
principle 9z 2 Z such that kT(tn )zk �! 1 (Ø for if not, then
8z 2 Z: sup

n
kT(tn )zk < 1 , whence (UB) sup

n
kT(tn )k < 1 Ú).

Therefore kT(tn )z � zk � k T(tn )zk � k zk �! 1 , whenceT(t)
is not strongly continuous at 0+ : impossible. ù

Step 2:

8t � 0 kT(t)k � M ! e!t ; ! := � � 1 ln M

To see this, observe thatt 2 R+ =) 9 ! m 2 Z+ such that
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t = m� + � where � 2 [0; � ). Thus

T(t) = T(m� + � ) = T(� )m T(� ) ;

whence

kT(t)k � k T(� )km kT(� )k � M m +1

m� � t ) m � t=�
z}|{
� M � M t=� =

! := � � 1 ln M ) e! = M 1=�

z}|{
= Me!t :

HenceT(t) is bounded on [0; T ] 8T > 0.

b) Let t � 0 and s > 0, then with z 2 Z

kT(t + s)z � T(t)zk � k T(t)k kT(s)z � zk � Me!t kT(s)z � zk
| {z }
�! 0 (s! 0+)

:

46



'

&

$

%

Moreover for t > 0 and s > 0 su�ciently small

kT(t � s)z � T(t)zk =



 T(

� t
z}| {
t � s)




 kz � T(s)zk �

� Me!t kz � T(s)zk
| {z }
�! 0 (s! 0+)

:

Therefore lim
s! 0+

kT(t � s)z � T(t)zk = 0, whence

t � 0 7�! T(t)z is continuous in k�kZ .

c) Let t0 > 0 and M := sup
t 2 [0;t 0 ]

kT(t)k. Now for all t � 0 9! n 2 Z+

such that t = nt 0 + � where � 2 [0; t0). Therefore

t � 1 ln kT(t)k = t � 1 ln kT(t0)n T(� )k �
n
t

ln kT(t0)k +
1
t

ln M :

Case 1: If kT(t0)k > 1, ln kT(t0)k > 0, whence, with
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nt 0 < t =)
n
t

<
1
t0

:

t � 1 ln kT(t)k � t � 1
0 ln kT(t0)k + t � 1 ln M : (3.1)

Case 2: kT(t0)k � 1, ln kT(t0)k � 0, whence, with
nt 0

t
=

t � �
t

�
t � t0

t
:

t � 1 ln kT(t)k �
t � t0

t
t � 1
0 ln kT(t0)k + t � 1 ln M : (3.2)

Thus by (3.1) and (3.2)

lim sup
t !1

t � 1 ln kT(t)k � t � 1
0 ln kT(t0)k < 1

with t0 arbitrary. And hence also

lim sup
t !1

t � 1 ln kT(t)k � inf
t> 0

t � 1 ln kT(t)k �

� lim inf
t !1

t � 1
0 ln kT(t)k � lim sup

t !1
t � 1 ln kT(t)k < 1 :
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Therefore

! 0 := inf
t> 0

t � 1 ln kT(t)k = lim
t !1

t � 1 ln kT(t)k < 1 : (3.3)

d) If ! > ! 0 then by (3.3)

9 t0 such that 8t � t0 t � 1 ln kT(t)k � !

whencekT(t)k � e!t 8t 2 [t0; 1 ) i.e.

e� !t kT(t)k � 1 and hence bounded on [t0; 1 ) : (3.4)

But kT(t)k and e� !t is bounded on [0; t0] whence

e� !t kT(t)k is bounded on [0; t0] : (3.5)

By (3.4) and (3.5) e� !t kT(t)k is bounded on [0; 1 ) i.e.

9 M ! � 1 such that kT(t)k M ! e!t 8t � 0 :

49

'

&

$

%

Example 3.1. For Example 1.3 (left-shifts) 8t � 0 kT(t)k = 1
whence! 0 = lim

t !1
t � 1 ln kT(t)k = 0.

For Example 1.4 (ON basis, sup� n < 1 )

kT(t)k = et sup � n t � 0

whence! 0 = sup � n . For Example 1.1 ! 0 = 0.

3.1.2 Generators and homogeneous Cauchy problem

De�nition 3.1. Let Z be a Hilbert space andf T(t)gt � 0 � L (Z) a
C0{SG. We call (in�nitesimal) generator of f T(t)gt � 0 the operator
A : D(A) � Z �! Z where

z 2 D (A)
4

() lim
t ! 0+

t � 1[T (t)z � z] 2 Z (3.6)
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(existence of the strong derivative oft 7�! T(t)z at 0+) and then

Az := lim
t ! 0+

t � 1[T (t)z � z] :

Example 3.2. 1. If T(t) = eAt where A 2 L (Z) then the
generator ofT(t) is A and D(A) = Z. In fact 8z 2 Z

t � 1



 eAt z � z � tAz




 � t � 1




 eAt � I � tA




 kzk �

� t � 1
�

ekAt k � 1 � k At k
�

| {z }
�! 0 ( t ! 0+)

kzk

because
d
dt

ekAt k

�
�
�
�
t =0+

= kAk.

2. Cfr. Example 1.3 (left-shift operator):

[T(t)h](x) = h(x + t); h 2 Z = L 2(0; 1 ) :
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If h 2 D (A) then

lim
t ! 0+

h(� + t) � h(�)
t

= ( Ah)( �) 2 Z = L 2(0; 1 ) ;

whence (using a Corollary of the Riesz-Fisher Theorem)

lim
t ! 0+

h(x + t) � h(x)
t

= ( Ah)(x) almost everywhere :

Thus

Ah L 2

=
dh
dx

2 L2(0; 1 ) ;

"whence"

D(A) =
�

h 2 L2(0; 1 ) : h AC and
dh
dx

2 L2(0; 1 )
�

;

Ah =
dh
dx

:

This result can be proved rigorously using the resolvent ofA
(see Example 3.3 below).
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3. Cfr. Example 1.4.

T(t)z =
X

n � 1

e� n t hz; � n i � n

where f � gn 2 N is an ON basis of a separable Hilbert space Z,
and f � n gn 2 N � R is such that ! 0 = sup � n < 1 . Then the
generator A is given by:

D(A) =
�

z 2 Z :
X

n � 1

j� n j2 jhz; � n ij 2 < 1
	

; (3.7)

Az =
X

n � 1

� n hz; � n i � n : (3.8)

Proof. Let eA be the operator de�ned by the right-hand sides of
(3.7) and (3.8). We show that

A = eA i.e. D(A) = D( eA) and Az = eAz 8z 2 D (A)
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Step 1: D(A) � D ( eA) and Az = eAz 8z 2 D (A)

z 2 D (A) () lim
t ! 0+

t � 1 [T (t)z � z] = y 2 Z =)

=) 8 n lim
t ! 0+

t � 1hT(t)z � z; � n i = hy; � n i =

= lim
t ! 0+

t � 1 �
e� n t � 1

�
hz; � n i = � n hz; � n i :

Hence asy 2 Z:
X

n � 1

j� n hz; � n ij 2 < 1 , whencez 2 D ( eA).

Moreover

Az = y =
X

n � 1

� n hz; � n i � n = eAz

Step 2: D( eA) � D (A).

Note that e� n t � 1 � � n t = � n

Z t

0

�
e� n s � 1

�
ds. Take
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! > maxf 0; sup� n g. Then 8s 2 [0; t]

�
�e� n s � 1

�
� �

(
e� n s; � n � 0

1; � n < 0

)

� e!s � e!t

whence
�
�e� n t � 1 � � n t

�
� � j � n t j e!t :

Now with z 2 D ( eA)










T (t)z � z
t

� eAz










2

=
X

n � 1

�
�
�
�
e� n t � 1 � � n t

t

�
�
�
�

2

| {z }
�! 0 ( t ! 0+)

jhz; � n ij 2

and with t 2 [0; 1]

t � 2
�
�e� n t � 1 � � n t

�
�2

jhz; � n ij 2 � e2! j� n j2 jhz; � n ij 2

| {z }
2 ` 1 as z2D ( eA )

:
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Therefore by the discrete dominated convergence theorem

8z 2 D ( eA) lim
t ! 0+

t � 1 [T (t)z � z] = eAz 2 Z thus z 2 D (A) :

Theorem 3.2 (Generator properties). Let A be the generator
of a C0{SG f T(t)gt � 0 � L (Z). Then

a) 8z 2 D (A) : T(t)z 2 D (A) 8t � 0

b) 8z 2 D (A) :
d
dt

[T(t)z] = AT (t)z = T(t)Az

c) 8n 2 N; 8z 2 D (An ) : 8t � 0 T(t)z 2 D (An ) and
dn

dtn [T (t)z] = An T(t)z = T(t)An z

d) 8z 2 D (A) : T(t)z � z =
Z t

0
T(s)Azds
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e) 8z 2 Z :
Z t

0
T(s)zds 2 D (A) and T(t)z � z = A

Z t

0
T(s)zds

f ) A 2 CD(Z).

Before giving the proof, two tools are needed.

Theorem 3.3. Let f 2 C1(R+ ; Z). Then

a)
df
dt

2 C0(R+ ; Z) � L1
loc (R+ ; Z) 3 g () g 2 L1(0; T ; Z) 8T > 0

b) 8a; b � 0 :
Z b

a

df
ds

(s)ds = f (b) � f (a).

Proof. a) f 2 C1 4
() g =

df
dt

2 C0 =)

=) (t � 0 7�! k g(t)k) 2 C0 =) g 2 L1
loc (R+ ; Z).
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÷ Take t > 0: 8" > 0 9� > 0 such that:

jz � t j � � =) k g(� ) � g(t)k < " =)

=)
�
�kg(� )k � k g(t)k

�
� � k g(� ) � g(t)k < " =)

=) k g(�)k 2 C0 =)
Z T

0
kg(� )k d� < 1 8 T > 0 ù

b) 8z 2 Z:
* Z b

a

df
ds

(s)ds; z

+

=|{z}
(B ) int. = ) (P ) int.

Z b

a

�
df
ds

(s); z
�

ds =

=
Z b

a

d
ds

2 C1

z }| {
hf (s); zi

| {z }
2 C0

ds

| {z }
int. of Riemann

= hf (s); zij b
a = hf (b) � f (a); zi :
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Theorem 3.4. Let f 2 C0(R+ ; Z). Then

8t � 0 lim
h! 0+

1
h

Z h

0
f (t + � )d� = f (t) :

Proof. f (�) is continuous at t, whence8" > 0 9� > 0 such that
0 < � < h < � =) k f (t + � ) � f (t)k < " . Hence

h < � =)












1
h

Z h

0
f (t + � )d� � f (t)












=

=












1
h

Z h

0
[f (t + � ) � f (t)]d�












�
1
h

Z h

0
kf (t + � ) � f (t)k d� � " :

Proof of Theorem 3.2. a) and b) : Let z 2 D (A). For t � 0 and
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s > 0

s� 1 [T (t + s)z � T(t)z] = T(t)
�

s� 1 [T (t)z � z]
	

=

=
�

s� 1 [T (t) � I ]
	

T (t)z

where
lim

s! 0+
T(t)

�
s� 1[T (s)z � z]

�
= T(t)Az 2 Z

whence fors ! 0+:

T(t)z 2 D (A) and
d
dt

(T(t)z)

�
�
�
�
t +

= T(t)Az = AT (t)z :

Moreover for t > 0 and small s > 0 (t � s � 0)

T(t � s)z � T(t)z
� s

� T(t)Az =

=|{z}
s! 0+

T(t � s)
| {z }
bounded

�
T (s)z � z

s
� Az

�

| {z }
�! 0 (z2D (A ))

+ [ T(t � s) � T(t)]Az
| {z }

�! 0; (strong continuity)
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whence:
d
dt

[T(t)z]

�
�
�
�
t �

= T(t)Az.

c) : is obtained by induction. Let

z 2 D (An � 1) =) T(t)z 2 D (An � 1) and

[T(t)z](n � 1) = An � 1T(t)z = T(t)An � 1z

Take now z 2 D (An ). Then
z 2 D (An ) =) z 2 D (An � 1) and An � 1z 2 D (A). Hence by a) and
b)

T(t)An � 1z = An � 1T(t)z 2 D (A) and
�
T(t)An � 1z

� (1)
= A

�
T(t)An � 1z

�
= T(t)A � An � 1z :

Thus T(t)z 2 D (An ) and [T(t)z](n ) = An T(t)z = T(t)An z. QED.

d) : With z 2 D (A) T(t)Az =
d
dt

[T(t)z] 2 C0(R+ ; Z). Hence by
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Theorem 3.3 for t � 0
Z t

0
T(s)Azds =

Z t

0

d
ds

[T(s)z] ds = T(s)jt0 = T(t)z � z :

e): By Theorem 3.4 with T(t)z 2 C0(R+ ; Z),

8z 2 Z 8t � 0 lim
h! 0+

1
h

Z t + h

t
[T (s)z] ds = T(t)z : (3.9)

Therefore with h > 0

h� 1 [T (h) � I ]
Z t

0
T(s)zds

(Theorem 2.10)
z}|{
=

= h� 1
Z t

0
[T (s + h) � T(s)] zds =

= h� 1

� Z t

0
T(s + h)zds �

Z t

0
T(s)zds

�
=
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= h� 1

" Z t + h

h
T(s)zds �

Z t

0
T(s)zds

#

=

= h� 1

" Z t + h

t
T(s)zds �

Z h

0
T(s)zds

# (3 :9)
z}|{
�!

h! 0+
= T(t)z � z 2 Z

As a consequence8z 2 Z :
Z t

0
T(s)zds 2 D (A) and

A
Z t

0
T(s)zds = T(t)z � z.

f ) [D(A) = Z]: This holds because by (3.9) with t = 0 and
f hn gn 2 N � R+ such that hn ! 0:

lim
n !1

1
hn

Z hn

0
T(s)zds = z

where

(
1

hn

Z hn

0
T(s)zds

)

n 2 N

� D (A).
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[A is closed]: Letf zn gn 2 N � D (A) such that zn
Z! z and Azn

Z! y.
Since8n zn 2 D (A)

T(t)zn � zn

d)
z}|{
=

Z t

0
T(s)Azn ds (3.10)

where, with kT(t)k � e!t where ! > 0, 8s 2 [0; t]

kT(s)Azn � T (s)yk � k T(s)k kAzn � yk �

� Me!t kAzn � ykZ �! 0 (n ! 1 ) :

Thus T(s)Azn �! T (s)y uniformly in s 2 [0; t].

Therefore by (3.10) for n ! 1 T(t)z � z =
Z t

0
T(s)yds.

Hence lim
t ! 0+

t � 1 [T (t)z � z] = lim
t ! 0+

t � 1
Z t

0
T(s)yds =|{z}

Theorem 3.4

y 2 Z.

Thus z 2 D (A) and Az = y.
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Corollary 3.1. Let A 2 CD(Z) be the generator of a C0{SG
f T(t)gt � 0 � L (Z) where Z is a Hilbert space.

Consider the Cauchy problem
(

_z(t) = Az(t); t � 0

z(0) = z0 2 D (A)

)

(3.11)

where z(�) is of class C1 (and therefore AC). Then its unique
solution is given by z(t) = T(t)z0 8t � 0.

Proof. Step 1: Existence. By Theorem 3.2 a) , b) and d) with
z(0) = z0 2 D (A), 8t � 0 :

z(t) = T(t)z0 2 D (A);

_z(t) =
d
dt

[T(t)z0] = AT (t)z0 = T(t)Az0 2 C0;

z(t) � z0 = T(t)z0 � z0 =
Z t

0
T(s)Az0ds =

Z t

0
_z(s)ds :
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Thus z(�) is a solution of class C1 and AC.

Step 2: Uniqueness. The solution will be unique if z0 = 0
implies z(t) � 0. To prove this, considerT(t � s)z(s) where
0 < s < t . Now by assumption, z(�) 2 D (A) \ C1, whence
s 7�! T(t � s)z(s) 2 C1 and

d
ds

[T(t � s)z(s)] = T(t � s)[ _z(s) � Az(s)] = 0 : (3.12)

÷ h� 1 [T (t � s � h)z(s + h) � T(t � s)z(s)] =

= T(t � s � h)
| {z }

bounded and C 0

f h� 1[z(s + h) � z(s)] � h� 1 [T (h)z(s) � z(s)]
| {z }

�! _z(s) � Az (s)

g

�! T(t � s)[ _z(s) � Az(s)] : ù

Hence with 0< � < � < t
Z �

�
(3:12)dt =) T(t � � )z(� ) = T(t � � )z(� ) :
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Then

lim
� �! 0+

=) 8 0 < � < t : 0 = T(t) z0|{z}
=0

= T(t � � )z(� ) and

lim
t �! � +

=) z(� ) = 0 8� 2 [0; t) :

As t is arbitrary, z(t) � 0.

Applications .

1. If A 2 CD(Z) is the generator of a C0{SG f T(t)gt � 0 � L (Z),
then A is the generator of aunique C0{SG.

Proof. Suppose thatA generates two C0{SG's, say T(t) and
T1(t) 2 L (Z). Then by Corollary 3.1, for z0 2 D (A), T(t)z0 and
T1(t)z0 are solutions of (3.11). As its solution is unique, one gets:
8z0 2 D (A) T(t)z0 = T1(t)z0. Finally since T(t), T1(t) 2 L (Z) and
D(A) = Z, there holds 8z0 2 Z : T(t)z0 = T1(t)z0.
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2. Let A; B 2 L (Z) such that AB = BA . Then e(A + B )t = eAt eBt =
= eBt eAt .

Proof. eAt eBt z0, z0 2 Z, is a solution of _z = ( A + B )z, z0 2 Z.
Indeed

d
dt

�
eAt eBt z0

�
= AeAt eBt z0 + eAt BeBt z0 =

= AeAt eBt z0 + BeAt eBt z0 = ( A + B )eAt eBt z0 :

e(A + B )t z0 is also a solution. Hence as the solution is unique,
e(A + B )t z0 = eAt eBt z0, 8z0 2 Z.

3.1.3 Resolvents and generators

Lemma 3.1 (Exponential Scaling). Let ! 2 R. Then

E ! : T (t) ( t � 0) 7�! E ! (T)( t) := e� !t T(t) ( t � 0)
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is an isomorphism between C0{SG's in L (Z) such that

A generates T(t) () A � !I generates e� !t T(t) : (3.13)

2 Notes:

1. E ! 1 E ! 2 = E ! 1 + ! 2 such that E � 1
! = E � ! .

2. ! 0 [e� !t T(t)] = ! 0 [T (t)] � ! .

Proof. Only (3.13). There holds the identity

8z 2 Z : t � 1 �
e� !t T(t)z � z

�
= t � 1 [T (t)z � z]+ t � 1 �

e� !t � 1
�

T(t)z
| {z }

�!� !z ( t ! 0+)

Hence with D(A � !I ) = D(A) and ~A the generator of e� !t T(t),
we get D( ~A) = D(A � !I ) and 8z 2 D ( ~A) ~Az = ( A � !I )z. Thus
~A = A � !I .

De�nition 3.2. Let Z be a Hilbert space andA 2 CD(Z). One
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calls

1) resolvent setof A

� (A) := f � 2 C : (�I � A)� 1 2 L (Z)g

2) resolvent of A the function

� 2 � (A) 7�! R(�; A ) := ( �I � A)� 1 2 L (Z) :

2 Notes:

1. � (A) � C is open and consequently� (A) := � (A)c is closed

2. 8� 2 � (A) Image[R(�; A )] = D(�I � A) = D(A) allows in
particular situations to discover the contents of the set D(A) .

3. In what follows
�
C! + := f � 2 R : Re� > ! g.

Lemma 3.2 (Resolvent Properties). Let A 2 CD(Z). Then

a) 8! 2 R : � (A � !I ) = � (A) � ! and

70



'

&

$

%

8� 2 � (A) : R(�; A ) = R(� � !; A � !I ).

b) [Resolvent identity] 8�; � 2 � (A)

R(�; A ) � R(�; A ) = ( � � � )R(�; A )R(�; A ) =

= ( � � � )R(�; A )R(�; A )
(3.14)

such that

R(�; A )R(�; A ) = R(�; A )R(�; A ) :

c) If ( !; 1 ) � � (A) and 9 M � 1 such that

kR(�; A )k �
M

� � !
8� > ! :

Then

8z 2 Z lim
� !1

[�R (�; A )z] = lim
� !1

�
� (�I � A)� 1z

�
= z :
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Proof. a) exercise;b) only (3.14): z 2 Z =)

R(�; A )z � R(�; A )z = ( �I � A)� 1z � (�I � A)� 1z =

= ( �I � A)� 1(�I � A) ( �I � A)� 1z
| {z }

2D (A )

�

� (�I � A)� 1(�I � A) ( �I � A)� 1z
| {z }

2D (A )

=

= ( �I � A)� 1
�
(�I � A) � (�I � A)

�
(�I � A)� 1z =

= ( � � � )( �I � A)� 1(�I � A)� 1z = ( � � � )R(�; A )R(�; A )z :

c) without loss of generality ! > 0. Take " > 0. Since
D(A) = Z : 8z 2 Z 9x 2 D (A) such that kx � zk < " . The
graph of (� > ! ) 7�! �= (� � ! ) gives for 8� � 2! : j�= (� � ! )j � 2
(Figure 3.1).
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w 2w 3w 4w
0

0.5

1

1.5

2

2.5

3

3.5

4

Figure 3.1: The graph of (� > ! ) 7�! �= (� � ! )

With x 2 D (A) and Ax 6= 0 without loss of generality, choose� 0(" )
su�ciently large such that 8� > � 0




 (�I � A)� 1




 �

M
� � !

�
"

kAx k
and

�
�
�
�

�
� � !

�
�
�
� � 2 :
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Then 8� > � 0




 � (�I � A)� 1z � z






Z =

=



 � (�I � A)� 1(z � x) +

�
� (�I � A)� 1x � x

�
+ ( x � z)




 �

� �



 (�I � A)� 1




 kz � xk +




 (�I � A)� 1Ax




 + kx � zk �

�
�

� � !
M" + " + " � 2(m + 1) "; " arbitrary :

Hence lim
� !1

� (�I � A)� 1z = z.

Lemma 3.3. Let Z be a Hilbert space. Let A 2 CD(Z) be the
generator of a C0{SG f T(t)gt � 0 � L (Z) and let

! 0 = lim
t !1

t � 1 ln kT(t)k be its growth constant.

Then
�
C! 0 + � � (A) i.e. 8! > ! 0

�
C! + � � (A) such that with
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� 2
�
C! 0 + , z 2 Z,

R(�; A )z = ( �I � A)� 1z =
Z 1

0
e� �t T(t)zdt

and, with kT(t)k � Me!t ,

kR(�; A )kL (Z) �
M

� � !
(� = Re � ) :

Proof. Take � such that � = Re � > ! > ! 0. Since
! > ! 0 9M � 1 such that kT(t)k � Me!t whence




 e� �t T(t)z




 � e� �t Me!t kzk = e� ( � � ! ) t M kzk 2 L1 :

Consider

R� z =
Z 1

0
e� �t T(t)zdt (z 2 Z) (3.15)

where the integral on the right-hand side is well{de�ned as a
Bochner integral. ThereforeR� := Z �! Z is well{de�ned.
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Moreover

kR� zkZ �
Z 1

0




 e� �t T(t)z




 dt �

�
Z 1

0
e� ( � � ! ) t M kzk dt =

M
� � !

kzk

whenceR� 2 L (Z) and kR� kL (Z) �
M

� � !
.

Hence the result is true if R� = ( �I � A)� 1 i.e. we are done if

(�I � A)R� = I Z (3.16)

R� (�I � A) = I D (A ) (3.17)

(3.16) is true .

One has that 8z 2 Z 8t > 0

t � 1 [T (t) � I ] R� z =
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=
e�t � 1

t| {z }
�! � ( t ! 0+)

Z 1

0
e� �u T(u)zdu �

e�t

t

Z t

0
e� �t T(u)zdu

| {z }
�! z ( t ! 0+)

:

÷ t � 1 [T (t) � I ] R� z = t � 1 [T (t) � I ]
Z 1

0
e� �s T(s)zds =

= t � 1
Z 1

0
e� �s

h
T(t + s| {z }

= u

) � T(s)
i
zds =

= t � 1

� Z 1

t
e� ( t � u ) T(u)zdu �

Z 1

0
e� �u T(u)zdu

�
=

= t � 1

�
e�t

Z 1

0
e� �u T(u)zdu � e�t

Z t

0
e� �u T(u)zdu�

�
Z 1

0
e� �u T(u)zdu

�
=

=
e�t � 1

t

Z 1

0
e� �u T(u)zdu �

e�t

t

Z t

0
e� �u T(u)zdu ù
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As a consequence8z 2 Z

lim
t ! 0+

t � 1 [T (t) � I ] R� z = �R � z � z 2 Z

where

R� z 2 D (A) and AR � z = �R � z � z

i.e. (�I � A)R� z = z (z 2 Z).

(3.17) is true

Let 8t > 0 A t := t � 1 [T (t) � I ] 2 L (Z).

Then 8t > 0 8z 2 Z:

R� A t z = A t R� z :

÷ This holds because

R� A t z = t � 1
Z 1

0
e� �u T(u) [T(t) � I ] zdu =
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= t � 1
Z 1

0
e� �u [T (t) � I ] T(u)zdu =

= t � 1 [T (t) � I ]
Z 1

0
e� �u T(u)zdu = A t R� z ù

Let now z 2 D (A), then Az = lim
t ! 0+

A t z and sinceR� 2 L (Z) and

R� z 2 D (A),

R� Az = lim
t ! 0+

R� A t z = lim
t ! 0+

A t R� z = AR � z :

Thus 8z 2 D (A) : R� Az = AR � z =|{z}
already proved

�R � z � z

whenceR� (�I � A)z = z 8z 2 D (A).

Example 3.3. Here we give an example of theresolvent methodto
identify the generator of a C0{semigroup. Cfr. Example 1.3 (left{
shifts) and Example 3.2/2 (associated generator). Here
Z = L 2(0; 1 ), and the left{shift C 0{SG f T(t)gt � 0 � L (Z) is given
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by

8h 2 L2(0; 1 ) [T(t)h] (x) = h(x + t) x � 0 :

Moreover T(t) is generated by

Ah =
dh
dx

where D(A) =
�

h 2 L2(0; 1 ) : h AC ;
dh
dx

2 L2(0; 1 )
�

;

i.e. D(A) =: W 1(0; 1 ) (Sobolev space).

Identification of the left-shift semigroup generator A

! 0[T (t)] = 0, as kT(t)k = 1. Hence by Lemma 3.3, with � > 0,
� 2 � (A), i.e. (�I � A)� 1 2 L (Z). Thus

f 2 D (A) () 9 !h 2 Z such that f = ( �I � A)� 1h ; (3.18)
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where by Lemma 3.3

f (x) =
Z 1

0
e� �t [T (t)h] (x)dt =

Z 1

0
e� �t h(x + t)dt =

= e�x
Z 1

x
e� �t h(t)dt

(3.19)

Let f 2 D (A). Then by (3.19)

f (0) =
Z 1

0
e� �t h(t)dt = ĥ(� )

and

f (x) = e�x f (0) �
Z x

0
e� (x � t ) h(t)dt almost everywhere : (3.20)

Then with f 0(x) =
df (x)

dx
; f 0 = �f � h. Since

(�I � A)f = h = �f � f 0, one �nds Af = f 0 =
df
dx

2 Z. By
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applying Fubini's Theorem one �nds using (3.20):

f (x) � f (0) =
Z x

0
[�f (y) � h(y)]dy =

Z x

0
f 0(y)dy ;

such that f is AC. Thus we haveD(A) � W1(0; 1 ) and 8f 2 D (A),

Af =
df
dx

. Let then f 2 W1(0; 1 ) such that f 2 Z, f is AC and

f 0 2 Z. Observe that the product of absolutely continuous functions
is absolutely continuous. Then asf 2 is AC and f f 0 2 L1(0; 1 ), f 2

is bounded onR+ , whence so doesf . As a consequence with� > 0,
lim

t �!1
e� �t f (t) = 0. De�ne now h := �f � f 0. Then h 2 Z.

Moreover � e� �t f (t) is AC and its derivative is e� �t h(t). Thus

� e� �T f (T) + f (0) =
Z T

0
e� �t h(t)dt ;

which as T ! 1 , gives f (0) = ĥ(� ). This together with
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f 0 = �f � h gives

f (x) = e�x
Z 1

0
e� �t h(t)dt �

Z x

0
e� (x � t ) h(t)dt =

=
Z 1

x
e� (x � t ) h(t)dt =

Z 1

0
e� �t h(x + t)dt ;

whence by (3.18){(3.19) f 2 D (A).

Therefore �nally D(A) = W 1(0; 1 ) and Af =
df
dx

.

Corollary 3.2. Under the assumptions of Lemma 3.3 one has with
! > ! 0

1) � 2
�
C! + 7�! R(�; A ) 2 L (Z) is uniformly continuous

2) � 2
�
C! + 7�! R(�; A ) 2 L (Z) is holomorphic (di�erentiable)

where 8n
�
R(�; A )

� (n )
:=

dn

d� n R(�; A ) = ( � 1)n n! R(�; A )n +1 : (3.21)
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Proof. 1) Take ! 1 2 (! 0; ! ) such that kT(t)k � M 1e! 1 t . Take

�; � 2
�
C! + . Then

minf Re�; Re� g > ! > ! 1 and

maxfk R(�; A )k ; kR(�; A )kg �
M 1

! � ! 1
:

One �nds

kR(�; A ) � R(�; A )k � j � � � j kR(�; A )k kR(�; A )k �

� j � � � j
�

M 1

! � ! 1

� 2

:

2)

lim
� ! �

1
� � �

�
R(�; A ) � R(�; A )

�
=

= � lim
� ! �

R(�; A )R(�; A ) = � R(�; A )2 2 L (Z)
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(3.21) is obtained by induction as

�
R(�; A )

� (n � 1)
= ( � 1)n � 1 (n � 1)! R(�; A )n

=)
�
R(�; A )

� (n )
=

�
(� 1)n � 1 (n � 1)! R(�; A )n

� (1)
=

= ( � 1)n � 1(n � 1)! n R(�; A )n � 1
�
R(�; A )

� (1)
=

= ( � 1)n � 1 n! R(�; A )n � 1(� 1)R(�; A )2 =

= ( � 1)n n! R(�; A )n +1 :

Exercise 3.1. With n 2 Z+ and � > 0, there holds

I n :=
Z 1

0
e� �t tn dt = n!� � (n +1) :

Solution by induction. True for n = 0. For n > 0 integration by
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parts yields

I n = � � � 1
Z 1

0
tn d[e� �t ] =

= � � � 1tn e� �t
�
�1
0 + � � 1n

Z 1

0
tn � 1e� �t dt =

n
�

I n � 1 :

Hence with I n � 1 = ( n � 1)!� � n we haveI n = n!� � (n +1) .

3.1.4 The Hille-Yosida generator existence theorem

Theorem 3.5 (Hille{Yosida). Let Z be a Hilbert space and
A 2 CD(Z). Then A is the generator of a C0{SG f T(t)gt � 0 � L (Z)
() 9 ! 2 R and M � 1 such that with � 2 R 8� > !

� 2 � (A) and 8n 2 N

kR(�; A )n kL (Z) � M (� � ! )� n (3.22)

(Hille{Yosida condition ).
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Moreover then

kT(t)k � Me!t 8t � 0 :

Proof. Necessity: Take ! > ! 0 such that 9M � 1 giving
kT(t)k � Me!t .

By Lemma 3.3: 8� > ! > ! 0, � 2 � (A) and

8z 2 Z : R(�; A )z =
Z 1

0
e� �t T(t)zdt : (3.23)

By Corollary 3.2: � 7�! R(�; A ) 2 L (Z) is holomorphic and
�
R(�; A )

� (n � 1)
= ( � 1)n � 1(n � 1)!R(�; A )n : (3.24)

Moreover by taking the derivative n � 1 times under the integral in
(3.23)

8n 2 N
�
R(�; A )

� (n � 1)
z =

Z 1

0
(� t)n � 1e� �t T(t)zdt : (3.25)
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÷ Justi�cation: Consider �; � > ! > ! 0 and take ! 1 2 (! 0; ! ) such
that kT(t)k � M 1e! 1 t .

Note that 8x � 0 1� e� x � x (Figure 3.2).

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

Figure 3.2: The graph of the functionsx and 1� e� x
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Thus
�
�e� �t � e� �t

�
� � e� min f �;� gt j� � � j t (t � 0) ;

because without loss of generality� � � , whence
�
�e� �t � e� �t

�
� � e� �t �

1 � e� ( � � � ) t � � e� �t (� � � )t :

Consider now the integrand of (3.25) i.e.
f (�; t ) := ( � t)n � 1e� �t T(t)z.

Then 9g(�) 2 L1
+ (L 1

+ denotes nonnegative functions of L1(0; 1 ))
such that

8� > � > ! > ! 1 : kf (�; t ) � f (�; t )k � g(t) j� � � j ;
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because

kf (�; t ) � f (�; t )k � tn � 1
�
�e� �t � e� �t

�
� M 1e! 1 t kzk �

� tn � 1e� minf �; � gt j� � � j tM 1e! 1 t kzk �

� tn e� ( ! � ! 1 ) t M 1 kzk
| {z }

:= g( t )2 L 1
+

j� � � j :

Therefore by Theorem 2.11

d
d�

Z 1

0
(� t)n � 1e� �t T(t)zdt =

Z 1

0
(� t)n e� �t T(t)zdt

=) (3.25) as casen = 1 OK and case n � 1 OK =) casen OK ù
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It follows that 8� > ! > ! 0 with M � 1 such that kT(t)k � Me!t




 �

R(�; A )
� (n � 1)

z



 �|{z}

(3 :25)

M
Z 1

0
tn � 1e� ( � � ! ) t dt kzk =

=|{z}
(exercise)

M (n � 1)!(� � ! )� n kzk :

Thus by (3.24)

(n � 1)!



 R(�; A )n




 =




 �

R(�; A )
� (n � 1) 

 � M (n � 1)!(� � ! )� n

=)



 R(�; A )n




 � M (� � ! )� n 8n 2 N :

Su�ciency : By exponential scaling (Lemma 3.1) and by the
resolvent properties(Lemma 3.2, a)) we may without loss of
generality assume that! = 0, i.e. we have 8� > 0 � 2 � (A) and
9M � 1 such that 8n 2 N kR(�; A )n k � M� � n � > 0,

and we show that A generates a C0{SG T(t) 2 L (Z) such that
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kT(t)k � M , T � 0.

For this purpose de�ne 8n 2 N

An := n2R(n; A) � nI 2 L (Z)

and T n (t) := eA n t 2 L (Z) ( Hille{Yosida approximation ).

Outline of the proof

a) 8t � 0 9!T(t) 2 L (Z) such that 8z 2 Z

T(t)z = lim
n !1

Tn (t)z

where the limit is uniform in t 2 [0; T ]; T > 0 arbitrary.

Moreover kT(t)k � M 8t � 0, and (t � 0) 7�! T(t)z (z 2 Z)
is continuous in k�kZ

b) T(t) is a C0{SG

c) T(t) is generated byA.
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a): Let T > 0 be arbitrary. We shall denote CT := C(0 ; T; Z), i.e.
the Banach space of continuous functions from [0; T] into Z under

the norm kf k1 ;T = sup
t 2 [0;T ]

kf (t)kZ , and C :=
\

T > 0

CT will be the

Fr�echet space of continuous functions fromR+ into Z, whose
topology is de�ned by the family of semi-norms

�
kf k1 ;T

�
T > 0 .

Properties of An

� 8 z 2 D (A) : lim
n !1

An z = Az.

÷ because

An z =
�
n2(nI � A)� 1 � nI

�
z = n(nI � A)� 1

�
nI � (nI � A)

�
z =

= n(nI � A)� 1Az �!|{z}
n !1

Az (Lemma 3:2) ù

� 8 m; n 2 N : Am An = An Am .
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÷ becauseR(m; A) and R(n; A) commute, whence

Am An = m
�
mR(m; A) � I

�
n

�
nR(n; A ) � I

�
=

= mn
�
mnR(m; A)R(n; A ) � mR(m; A) � nR(n; A ) + I

�
=

= nm
�
nmR(n; A)R(m; A) � nR(n; A ) � mR(m; A) + I

�
=

= n [nR(n; A ) � I ] m [mR(m; A) � I ] = An Am ù

Properties of T n (t)

� 8 n 2 N
kTn (t)kL (Z) � M; t � 0 (3.26)

whence8T > 0, 8z 2 Z

kTn (�)zk1 ;T � M kzk

and therefore 8n 2 N

kTn (�)kL (Z ;CT ) � M 8T > 0 :
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÷ Tn (t) = eA n t = e[n 2 R(n;A ) � nI ]t = e� nt
X

r � 0

[n2R(n; A)t]r

r !

whence

kT n (t)kL (Z) � e� nt
X

r � 0

(n2t)r

r !
kR(n; A )r k = e� nt

X

r � 0

(n2t)r

r !
M
nr =

= Me� nt
X

r � 0

(nt )r

r !
= Me� nt ent = M ù

� z 2 Z 8m; n 2 N

Tm (t)z � T n (t)z =
Z t

0
Tn (t � s)Tm (s)[Am � An ]zds

÷ Am � An 2 L (Z) is the generator of

e(A m � A n ) t = eA m t e� A n t = e� A n t eA m t :
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By Theorem 3.2 d) : 8z 2 Z = D(Am � An )

e(A m � A n ) t z � z =
Z t

0
e(A m � A n )s(Am � An )zds

whence, sinceAn and Am � An commute
�
eA m t � eA n t

�
z = eA n t

�
e(A m � A n ) t z � z

�
=

= eA n t
| {z }
2 L (Z)

Z t

0
e(A m � A n )s(Am � An )zds =

=
Z t

0
eA n t e(A m � A n )s(Am � An )zds =

=
Z t

0
Tn (t � s)Tm (s)(Am � An )zds ù

� 8 z 2 D (A), 8T > 0:

lim
m>n !1

kTm (�)z � T n (�)zk1 ;T = 0
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whence8z 2 D (A) f T n (�)zg1
1 is a Cauchy sequence in C =

=
\

T > 0

CT .

÷ With z 2 D (A), m > n and t 2 [0; T ]

kTm (t)z � T n (t)zk �
Z t

0
kT n (t � s)k kTm (s)k k(Am � An )zkds �

� M 2tk(Am � An )zk � M 2T k(Am � An )zk
| {z }

�! 0 (m>n !1 ) as A n z! Az

ù

Thus

1) 8n 2 N kT n (�)kL (Z ;CT ) � M , T arbitrary

2) 8z 2 D (A) lim
n !1

Tn (�)z 2 C =
\

T > 0

CT ,

whence, by limit operator Theorem 2.2,
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9! T(�) 2 L (Z; C) =
\

T > 0

L (Z; CT ) such that 8z 2 Z

T(�)z =|{z}
convergence in C

lim
n !1

Tn (�)z 2 C =
\

T > 0

CT

and

8T > 0 : kT(�)kL (Z ;CT ) � lim inf
n !1

kT(�)kL (Z ;CT ) � M :

It follows that 8T > 0 8t 2 [0; T ]:

kT(t)zk � k T(�)zk1 ;T � M kzk ;

kTn (t)z � T(t)zk � k T n (�)z � T(�)zk1 ;T �! 0 (n ! 1 )

such that 8t � 0 9! T(t) 2 L (Z) such that

T(t)z = lim
n !1

Tn (t)z 2 Z
| {z }
uniformly in t 2 [0;T ]

(3.27)
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where
t � 0 7! T(t)z is continuous ink�kZ

and kT(t)kL (Z) � M 8t � 0:

b) : f T(t)gt � 0 � L (Z) is a C0{SG. Indeed:

� T(0) = I as 8n T n (0)z = z n !1�! T (0)z = z.

� T(t + s) = T(t)T(s) t; s � 0

÷ as T(t + s)z = lim
n !1

Tn (t + s)z = lim
n !1

Tn (t)Tn (s)z = T(t)T(s)z

indeed

Tn (t)Tn (s)z � T(t)T(s)z =

= Tn (t)
| {z }

bounded, (3.26)

�
Tn (s)z � T(s)z

�

| {z }
�! 0; (3.27)

+
�
Tn (t) � T(t)

�
T(s)z

| {z }
�! 0; (3.27)

�! 0 ù

� T(t) is strongly continuous at 0+ as T(�)z is continuous in k � kZ .
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c) : T(t) is generated byA. To see this, observe that8z 2 D (A)

T(t)z � z =
Z t

0
T(s)Azds : (3.28)

÷ Note that with t > 0

lim
n !1

Tn (s)An z = T(s)Az

uniformly in s 2 [0; t] as

Tn (s)An z � T(s)Az = T n (s)
| {z }

bounded

[An z � Az]
| {z }

�! 0

+ [ T n (s)Az � T(s)Az]
| {z }
�! 0 uniformly in s2 [0;t ]

:

Furthermore

Tn (s)z � z =
Z t

0
Tn (s)An zds :

Thus (3.28) follows by taking n ! 1 ù
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Let eA be the generator ofT(t), i.e.

z 2 D ( eA) () lim
t ! 0+

t � 1 [T (t)z � z] 2 Z

and 8z 2 D ( eA) eAz = lim
t ! 0+

t � 1 [T (t)z � z]

� D (A) � D ( eA) and eAz = Az 8z 2 D (A).

÷ Indeed by (3.28) for z 2 D (A)

t � 1 [T (t)z � z] = t � 1
Z t

0
T(s)Azds �! Az 2 Z ù

� D (A) = D( eA)

Take n su�ciently large such that (Lemma 3.3) n 2 � (A) \ � ( eA)
then (nI � A)D(A) = Z = ( nI � eA)D( eA). But AD(A) = eAD(A),
whence

(nI � eA)D(A) = Z = ( nI � eA)D( eA) :
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Moreover (nI � eA)� 1 2 L (Z) such that D(A) = D( eA) and then
Az = eAz 8z 2 D (A) i.e. A = eA.

Example 3.4. Let f � n gn 2 N � R and f � n gn 2 N be an ON basis of a
separable Hilbert space Z. De�neA : D(A) � Z �! Z such that

D(A) =
n

z 2 Z :
1X

n =1

j� n hz; � n ij 2 < 1
o

; Az =
1X

n =1

� n hz; � n i � n :

We know that A 2 CD(Z) and A = A � .

There holds :

a) � 2 � (A) i.e. (�I � A)� 1 2 L (Z) () inf
n � 1

j� � � n j > 0.

b) sup
n � 1

� n < 1 () A is the generator of a C0{SG

f T(t)gt � 0 � L (Z) and then the C0{SG generated by A is given
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by

T(t)z =
1X

n =1

e� n t hz; � n i � n (z 2 Z) :

[Cfr. Examples 1.4 and 3.2/3].

Proof. a) : Su�ciency: Let

� := inf
n � 1

j� � � n j > 0 : (3.29)

De�ne 8z 2 Z A � z =
1X

n � 1

(� � � n )� 1hz; � n i � n .

Outline of the proof

1� A � 2 L (Z) and ImageA � � D (A)

2� . (�I � A)A � = I Z and A � (�I � A) = I D (A ) whence
(�I � A)� 1 = A � 2 L (Z) whence � 2 � (A).
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÷ 1� . Note that by (3.29) 8z 2 Z

kA � zk2 =
1X

n � 1

�
�(� � � n )� 1hz; � n i

�
�2

� � � 2 kzk2

whenceA � 2 L (Z) such that kA � k � � � 1.

Moreover
�
�
�
�

� n

� � � n

�
�
�
� =

�
�
�
�

�
� � � n

� 1

�
�
�
�

2

�
� j� j

�
+ 1

� 2
=: K 2 < 1

such that 8z 2 Z

X

n � 1

j� n hA � z; � n ij 2 =
X

n � 1

�
�
�
�

� n

� � � n

�
�
�
�

2

jhz; � n ij 2 � K 2 kzk2 :

Therefore 8z 2 Z A � z 2 D (A).
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2� . Since8z 2 Z: A � z 2 D (A) one has

(�I � A)A � z =
X

n � 1

(� � � n )hA � z; � n i � n =

=
X

n � 1

(� � � n )( � � � n )� 1hz; � n i � n = z :

Thus (�I � A)A � = I Z .

Similarly 8z 2 D (A) one has

A � (�I � A)z =
X

n � 1

(� � � n )� 1h(�I � A)z; � n i � n =

=
X

n � 1

(� � � n )� 1(� � � n )hz; � n i � n = z :

Therefore A � (�I � A) = I D (A ) ù

Consequently (�I � A)� 1 2 L (Z).

Necessity: Note that f � n gn 2 N � D (A), whence
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(� � � n )� n = ( �I � A)� n 6= 0 with k� n k = 1, whence � 6= � n 8n
and (� � � )� 1� n = ( �I � A)� 1� n . Furthermore
(�I � A)� 1 2 L (Z) = ) k (�I � A)� 1k = K < 1 .

Thus 8n � 1 j� � � n j � 1 = k(�I � A)� 1� n k � K < 1 . Thus
� := inf

n � 1
j� � � n j > K � 1 > 0.

b) : Su�ciency: Take ! := sup
n � 1

� n < 1 . Apply Theorem 3.5

(Hille{Yosida). Take � 2 R, � > ! . Then � > ! � � n 8n such that

� (� ) := inf
n � 1

j� � � n j = inf
n � 1

(� � � n ) = � � sup
n � 1

� n = � � ! > 0

whence bya) � 2 � (A).

Furthermore, by the proof of a) , 8n 2 N

kR(�; A )n k � k R(�; A )kn � � � n (� ) = ( � � ! )� n :

Thus the conditions of Theorem 3.5 are satis�ed with ! = sup � n
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and M = 1, whence A is the generator of a C0{SG T(t) such that

kT(t)k � e!t = et supn � 1 � n :

Necessity: If A generates a C0{SG T(t) then 8z 2 Z

T(t)z =
X

n 2 N

e� n t hz; � n i � n :

÷ Consider 8n: zn = e� n t � n where � n 2 D (A). zn is the unique
solution of _z(t) = Az(t) such that z(0) = � n .

Indeed _zn (t) = � n zn (t), z(0) = � n and

Azn (t) =
X

m 2 N

� m hzn (t); � m i � m = � n e� n t �n = � n zn (t) :

Thus _zn = Azn (t); z(0) = � n .

SinceT(t)� n is a solution of _z(t) = Az(t), z(0) = � n one has
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T(t)� n = e� n t � n . Therefore with T(t) 2 L (Z)

T(t)z = T(t)
hX

n 2 N

hz; � n i � n

i
=

X

n 2 N

hz; � n i T (t)� n =

=
X

n 2 N

hz; � n i e� n t � n ù

Finally as T(t) 2 L (Z) and k� n k = 1,

e� n t = kT(t)� n k � k T(t)k

whence8n: � n � t � 1 ln kT(t)k, t > 0 arbitrary, whence 8n:
� n � ! 0 < 1 such that sup

n 2 N
� n � ! 0 < 1 .

* We already know that kT(t)k � et supn 2 N � n . But kT(t)k :=
sup

kzk=1
kT(t)zk. Choosez = � n then k� n k = 1 and kT(t)� n k = e� n t .

Therefore

8n 2 N : et� n � k T(t)k � et supn 2 N � n
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whence
et supn 2 N � n � k T(t)k � et supn 2 N � n :

Thus kT(t)k = et supn 2 N � n

whence! 0 = lim
t �!1

t � 1 ln kT(t)k = sup
n 2 N

� n .

3.2 Adjoint Semigroups

Lemma 3.4. Let A 2 CD(Z) and T 2 L (Z). Then:

(A + T)� = A � + T � with D [(A + T)� ] = D(A � ) :

Proof. As T 2 L (Z), T � 2 L (Z) with kT � k = kTk.

As A 2 CD(Z), A � 2 CD(Z).

Thus D(A) = D(A + T) and D(A � ) = D(A � + T � ),

and we need to show (A + T)� = A � + T � .
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Step 1:

D(A � + T � ) � D [(A + T)� ] and

8y 2 D(A � + T � ) : (A + T)� y = ( A � + T � )y :

There holds y 2 D (A � + T � ) =) y 2 D [(A + T)� ].

To see this, consider the linear functional

D(A + T) 3 x 7�! h y; (A + T)xi :

Then hy; (A + T)xi =|{z}
y2D (A � + T � )

h(A � + T � )y; xi ,

where (A � + T � )y 2 Z, whence

jhy; (A + T)xij = jh(A � + T � )y; xij �

� k (A � + T � )yk kxkZ ; x 2 D (A + T)

Hence this linear functional is bounded.
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Thus y 2 D [(A + T)� ] and then 8x 2 D (A + T)

h(A + T)� y; xi = hy; (A + T)xi = h(A � + T � )y; xi :

Finally as D(A + T) is dense in Z one gets (A + T)� y = ( A � + T � )y.

Step 2: D [(A + T)� ] � D (A � + T � ), i.e.

y 2 D [(A + T)� ] =) y 2 D (A � + T � ) = D(A � ) :

To see this takex 2 D (A) = D(A + T), and consider the linear
functional x 7�! h y; Ax i . Then hy; Ax i = hy; (A + T)xi � h y; T xi

= h(A + T)� y
| {z }

2 Z

; xi � h T � y
|{z}

2 Z

; xi = h(A + T)� y � T � y; xi ;

whence

jhy; Ax ij � k (A + T)� y � T � yk kxkZ ; x 2 D (A) :

Hence this linear functional is bounded andy 2 D (A � ).
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Lemma 3.5. Let A 2 CD(Z). Let A : D(A) �! Z be bijective, i.e.
A � 1 : Z �! D (A) exists, and let A � 1 2 L (Z). Then:

1) A � : D(A � ) ! Z is bijective, i.e. (A � )� 1 : Z ! D (A � ) exists.

2) (A � )� 1 2 L (Z).

3) (A � )� 1 = ( A � 1)� .

Proof. Recall that A � 2 CD(Z) and A = A �� (Theorem 2.12).We
start the proof by giving the

Master inequality

8y 2 D (A � ) : kA � yk � k yk



 A � 1




 � 1

:
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This holds because

kA � yk = sup
x 2 Z;kx k� 1

jhA � y; xij �|{z}
D (A ) � Z

sup
x 2D (A );kx k� 1

jhA � y; xij =

= sup
x 2D (A );kx k� 1

jhy; Ax ij =|{z}
À

sup
z2 Z;kA � 1 zk� 1

jhy; zij �|{z}
Á

�|{z}
Á

sup
z2 Z;kzk�k A � 1 k � 1

jhy; zij =|{z}
Â

kyk



 A � 1




 � 1

:

Concerning À: A � 1 : Z �! D (A) is a bijection, whence:

8x 2 D (A) 9!z 2 Z such that x = A � 1z :

Concerning Á:



 A � 1z




 �




 A � 1




 kzk such that




 A � 1




 kzk � 1 )




 A � 1z




 � 1 ;

whencekzk �



 A � 1




 � 1

=)



 A � 1z




 � 1.

Concerning Â: the supremum is attained at z = Ky (K � 0) with

113

'

&

$

%

kKy k =



 A � 1




 � 1

giving K =



 A � 1




 � 1

=kyk; thus

z =



 A � 1




 � 1 y

kyk
and then jhy; zij = kyk




 A � 1




 � 1

.

1) : A � : D(A � ) ! Z is bijective.

� A � : D(A � ) �! Z is injective., i.e. y 2 D (A � ) such that
A � y = 0 = ) y = 0. This follows by the master inequality.

� A � : D(A � ) �! Z is surjective, i.e. Image(A � ) = Z i.e.
Image(A � ) = Image(A � ) (closed) and Image(A � ) = Z (dense).

_ Image(A � ) is closed.

To see this, let f zn g � Image(A � ) be such that zn
Z�! z.

We show that z 2 Image(A � ). Now

8n zn 2 Image(A � ) =) 9 yn 2 D (A � ) such that zn = A � yn .

Hencezn �! z =) f zn g is a Cauchy sequence, i.e.

8" > 0 9N such that 8n > m � N kzn � zm k � " ;
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where with yn � ym 2 D (A � ),

kzn � zm k = kA � (yn � ym )k � k yn � ym k



 A � 1




 � 1

:

Thus 8" > 0 9N such that
8n > m � N kym � yn k � "kA � 1k.

Hencef yn g is a Cauchy sequence in Z, a complete space,
whence9y 2 Z such that yn �! y.

Therefore 9f yn g � D (A � ) yn
Z�! y, zn = A � yn

Z�! z. As
A � is closed,y 2 D (A � ) and A � y = z =) z 2 Image(A � ) .

_ Image(A � ) = Z (dense) i.e. Image(A � )? = f 0g.

To see this, let x 2 Image(A � )? i.e.
hx; A � yi = 0 8y 2 D (A � ).

y 2 D (A � ) 7�! h x; A � yi is bounded, whencex 2 D (A �� )
where (Theorem 2.12)A �� = A i.e. x 2 D (A).

Therefore hAx; y i = 0 8y 2 D (A � ) dense in Z, whence
Ax = 0. Finally A injective on D(A) =) x = 0.
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2) : (A � )� 1 2 L (Z)

Consider z 2 Z. SinceA � : D(A � ) ! Z is bijective
8z 2 Z 9!y 2 D (A � ) such that z = A � y and then y = ( A � )� 1 z.

As a consequence

kzk = kA � yk � k yk



 A � 1




 � 1

=



 (A � )� 1 z









 A � 1




 � 1

whence



 (A � ) � 1 z




 �




 A � 1




 kzk z 2 Z :

Therefore (A � )� 1 2 L (Z) with



 (A � ) � 1



 �



 A � 1




 .

3) : (A � )� 1 = ( A � 1)�

(A � )� 1 : Z �! D (A � ) is a bijection.

A � 1 : Z �! D (A) is a bijection.

8x 2 D (A); y 2 D (A � ) hy; Ax i = hA � y; xi :
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Therefore
(

8x 2 D (A); 9!u 2 Z x = A � 1u

8y 2 D (A � ); 9!v 2 Z y = ( A � )� 1v

)

=)

8u; v 2 Z :


(A � )� 1v; u

�
=



v; A � 1u

�
=|{z}

A � 1 2 L (Z)



(A � 1)� v; u

�
=)

8v 2 Z : (A � )� 1v = ( A � 1)� v

whence (A � )� 1 = ( A � 1)� .

*



 (A � )� 1




 =




 (A � 1)�




 =|{z}

as A � 1 2 L (Z)

kA � 1k.

Theorem 3.6 (generator of the adjoint semigroup). Let Z be
a Hilbert space. Let A : D(A) � Z �! Z be the generator of a
C0{SG f T(t)gt � 0 � L (Z).

Then f T � (t)gt � 0 � L (Z) is a C0{SG and A � : D(A � ) � Z �! Z is
the generator of f T � (t)gt � 0.
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Proof. 1) A � is the generator of a C0{SG, say f T1(t)gt � 0 � L (Z).

SinceA is the generator off T(t)gt � 0 � L (Z) one obtains by
Theorem 3.5: 9M � 1 and ! 2 R such that (with � 2 R)

� > ! =) � 2 � (A) and 8n � 1 kR(�; A )n k � M (� � ! )� n :

We show that

R(�; A )� = R(�; A � ) 2 L (Z) (3.30)

To see this, observe that

R(�; A )� =
�
(�I � A)� 1� �

where (�I � A)� 1 2 L (Z) and ( �I � A) : D(�I � A) � Z �! Z
satis�es

� it is closed as the di�erence of�I 2 L (Z) and A closed,

� it has the property D(�I � A) = D(A), which is dense in Z.
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Therefore by Lemma 3.4:

(�I � A)� = �I � A � with D (( �I � A)� ) = D(A � ) :

Moreover by Lemma 3.5: [(�I � A)� ]� 1 : Z �! D (A � ) exists,

[(�I � A)� ]� 1 2 L (Z) and [( �I � A)� ]� 1 =
�
(�I � A)� 1� �

:

Therefore

R(�; A )� =
�
(�I � A)� 1

� �
= [( �I � A)� ]� 1 =

= [( �I � A � )] � 1 = R(�; A � )

where R(�; A ) 2 L (Z). Thus (3.30) is true.

Therefore for � > ! : � 2 � (A � ). Moreover, since forT; T � 2 L (Z)
kTk = kT � k, one obtains with n � 1

kR(�; A � )n k =|{z}
(3 :30)

kR(�; A )� n k = kR(�; A )n � k =
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= kR(�; A )n k � M (� � ! )� n :

Thus the Hille-Yosida conditions (3.22) are satis�ed for A � (where
A � 2 CD(Z)). Thus by Theorem 3.5, A � is the generator of a
C0{SG, say f T1(t)gt � 0 � L (Z).

2) T1(t) = T � (t) 2 L (Z).

Let ! 0 and ! 1 be the growth constant of T(t) and T1(t). Let

! > maxf ! 0; ! 1g, and take � 2
�
C! + . Then, with x; z 2 Z, by

Lemma 3.3:
�
C! + � � (A � ) \ � (A) and

� Z 1

0
e� �t T1(t)zdt; x

�
= hR(�; A � )z; xi = À

where by an analysis similar to that of 1) : R(�; A )� = R(�; A � ),
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whence
À = hR(�; A )� z; xi = hz; R(�; A )xi

=|{z}
Lemma 3.3



z;

Z 1

0
e� �t T(t)xdt

�
= Á

where the integral exists in the sense of Bochner and thus also in
the sense of Pettis such that

Á =
Z 1

0

D
z; e� �t T(t)x

E
dt =

Z 1

0



e� �t T � (t)z; x

�
dt = Â

where with Re� > ! and kT � (t)k = kT(t)k � Me!t and
t � 0 7�! e� �t T � (t)z weakly continuous (thus measurable):Z 1

0
e� �t T � (t)zdt exists in the sense of Bochner, such that

Â =
� Z 1

0
e� �t T � (t)zdt; x

�
:
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We conclude that 8� 2
�
C! + 8x; z 2 Z:

� Z 1

0
e� �t T1(t)zdt; x

�
=

� Z 1

0
e� �t T � (t)zdt; x

�

i.e. Z 1

0
e� �t T1(t)zdt =

Z 1

0
e� �t T � (t)zdt

i.e. the Laplace transforms of the measurable functionsT1(t)z and

T � (t)z are equal on the half-plane
�
C! + . By the injectivity of this

transform

T1(t)z = T � (t)z t � 0; z 2 Z

i.e. T1(t) = T � (t).

* SincekT � (t)k = kT(t)k there holds that the growth constantsof
T � (t) and T(t) are identical.
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Example 3.5. Cfr. Example 1.3 (left-shifts) and Example 3.2/2
(associated generator). Here Z = L2(0; 1 ), and the left-shift
C0{SG f T(t)g � L (Z) is given by

8h 2 L2(0; 1 ) [T(t)h] (x) = h(x + t) x � 0 :

Moreover T(t) is generated by

Ah =
dh
dx

where D(A) =
�

h 2 L2(0; 1 ) : h AC ;
dh
dx

2 L2(0; 1 )
�

;

i.e. D(A) =: W 1(0; 1 ) { Sobolev space.

One has thenf T � (t)gt � 0 � L (Z) is the right-shift C0{SG such that

8g 2 Z = L 2(0; 1 )

[T � (t)g] (x) =

(
0; x 2 [0; t)

g(x � t); x � t

)

x � 0; t � 0 (3.31)
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and its generator is given by

A � g = �
dg
dx

where D(A � ) =
n

g 2 Z : g AC ;
dg
dx

2 Z; g(0) = 0
o

(3.32)
D(A � ) =: W 1

0(0; 1 ) (subspace ofD(A) = W 1(0; 1 )).

Proof of (3.31). Note that 8g; h 2 Z = L 2(0; 1 )

hg; T(t)hi =
Z 1

0
g(x)h(x + t)dx =

Z 1

t
g(x � t)h(x)dx =

= hT � (t)g; hi :

Proof of (3.32). (Resolvent method) We know that the growth
constant ! 0 of T(t) is 0. Therefore the growth constant ofT � (t) is
0. Thus

� > 0 =) � 2 � (A � ) and (�I � A � )� 1 2 L (Z)
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such that

f 2 D (A � ) () 9 !g 2 Z such that f = ( �I � A � )� 1g ; (3.33)

where by Lemma 3.3

f (x) =
Z 1

0
e� �t [T � (t)g] (x)dt =

Z x

0
e� �t g(x � t)dt =

=
Z x

0
e� � (x � t ) g(x � t)dt

(3.34)

i.e. f = e� � ( �) ? g (convolution).

Let f 2 D (A � ). Then by (3.34), with f 0(x) =
df (x)

dx

f 0 = � �f + g; f (0) = 0 :

Since (�I � A � )f = g = �f + f 0 one �nds A � f = � f 0 = �
df
dx

2 Z.
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By applying Fubini's Theorem one �nds using (3.34):

f (x) =
Z x

0
[� �f (y) + g(y)] dy =

Z x

0
f 0(y)dy ;

such that f is AC. Thus we haveD(A � ) � W1
0(0; 1 ) and

8f 2 D (A � ), A � f = �
df
dx

.

Let then f 2 W1
0(0; 1 ) such that f 0 2 Z, f is AC, f 0 2 Z, and

f (0) = 0. Then g := �f + f 0 2 Z = L 2(0; 1 ) where f (0) = 0.

Then, with f 0 = � �f + g, f (0) = 0

f (x) =
Z x

0
e� � (x � t ) g(t)dt =

Z x

0
e� �t g(x � t)dt ;

whence by (3.33){(3.34) f 2 D (A � ).

Therefore �nally D(A � ) = W 1
0(0; 1 ) and A � f = �

df
dx

.
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3.3 Contraction Semigroups

De�nition 3.3. Let Z be a Hilbert space. We call a C0{semigroup
f T(t)gt � 0 � L (Z) a contraction semigroup i� kT(t)k � 1 8t � 0.

Remark 3.1. By exponential scaling Lemma 3.1 we get:

A is the generator of C0{semigroup f T(t)gt � 0 � L (Z) such that
kT(t)k � e!t 8t � 0 if and only if A � !I is the generator of a
contraction C0{semigroup f e� !t T(t)gt � 0 � L (Z).

Having this in mind, we have

Theorem 3.7. Let Z be a Hilbert space and letA 2 CD(Z). Then

A is the generator of C0{semigroup f T(t)gt � 0 � L (Z) such that
kT(t)k � e!t 8t � 0 if and only if 8� > ! :

1) k(�I � A)zk � (� � ! ) kzk 8z 2 D (A), and

2) k(�I � A � )zk � (� � ! ) kzk 8z 2 D (A � ).
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Proof. Necessity.

By Theorem 3.6, A � is the generator of the adjoint semigroup
f T � (t)gt � 0 � L (Z). Moreover kT � (t)k = kT(t)k � e!t . Hence

! 0 [T (t)] = ! 0 [T � (t)] � ! :

Thus by Lemma 3.3 and the proof of Theorem 3.6,8� > !

� 2 � (A) \ � (A � ) and kR(�; A )k = kR(�; A � )k � (� � ! )� 1 ;

from which conditions 1) and 2) follow easily.

Sufficiency.

Pick � > ! . Then (�I � A) is injective by condition 1) . The latter
implies also that

_ Image(�I � A) is closed.

To see this, let f yn g � Image(�I � A) be such that yn
Z�! y.

128



'

&

$

%

Then clearly this a Cauchy sequence in Z i.e.

8" > 0 9N such that 8n > m � N kyn � ym k � " :

Now 8n: yn 2 Image(�I � A) =) 9 zn 2 D (A) such that
yn = ( �I � A)zn . Hence with zn � zm 2 D (A), condition 1)
gives

kyn � ym k = k(�I � A)(zn � zm )k � (� � ! ) kzn � zm k :

Thus

8" > 0 9N such that 8n > m � N kzm � zn k � " (� � ! )� 1 :

Hencef zn g is a Cauchy sequence in Z, a complete space,
whence9z 2 Z such that zn �! z. Therefore

9f zn g � D (A) = D(�I � A) : zn
Z�! z; yn = ( �I � A)yn

Z�! y :

As (�I � A) is closed,z 2 D (�I � A) and (�I � A)z = y =)
y 2 Image(�I � A).
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_ Image(�I � A) is dense in Z, i.e. [Image(�I � A)]? = f 0g by
condition 2) .

To see this, let z 2 [Image(�I � A)]? i.e.

hz; (�I � A)yi = 0 8y 2 D (A) = D(�I � A) :

Thus D(�I � A) = D(A) 3 y 7�! h z; (�I � A)yi is bounded,
whencez 2 D (�I � A � ). Therefore

h(�I � A � )z; yi = 0 8y 2 D (A); D(A) = Z ;

whence (�I � A � )z = 0. Hence by condition 2) , z = 0.

Thus we got (�I � A) is surjective and injective, i.e. bijective.
Then: 8y 2 Z 9!z 2 D (A) such that y = ( �I � A)z. Thus by 1)

kyk = k(�I � A)zk � (� � ! ) kzk = ( � � ! )



 (�I � A)� 1y




 ;
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whence



 (�I � A)� 1y




 � (� � ! )� 1 kyk 8y 2 Z :

Hence� 2 � (A) and kR(�; A )k � (� � ! )� 1, giving

kR(�; A )n k � k R(�; A )kn � (� � ! )� n :

Thus the Hille-Yosida conditions are valid with ! 2 R and M = 1,
and by Hille{Yosida Theorem 3.5, A is the generator of C0{
semigroupf T(t)gt � 0 � L (Z) such that kT(t)k � e!t 8t � 0.

De�nition 3.4. (Pazy, 1983) Let Z be a (complex) Hilbert space,
and let A : D(A) � Z �! Z be a linear operator. ThenA is said to
be dissipative i� Re hAz; zi � 0 8z 2 D (A).

Lemma 3.6. Let Z be a (complex) Hilbert space, and let
A : D(A) � Z �! Z be a linear operator. ThenA is dissipative if
and only if

8� > 0 k(�I � A)zk � � kzk 8z 2 D (A) (3.35)
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Proof. Necessity.

Let � > 0. Then for z 2 D (A):

k(�I � A)zk2 = � 2 kzk2 � 2� RehAz; zi + kAzk2 :

Now as A is dissipative, RehAz; zi � 0 such that (3.35) holds.

Sufficiency. Assume (3.35) and letz 2 D (A), which is nonzero.
De�ne 8n 2 N:

yn :=
nz � Az

knz � Azk
=

z � n� 1Az
kz � n� 1Azk

:

Then
kyn k = 1 ; lim

n !1
yn =

z
kzk

;

and by (3.35)

n kzk � k nz � Azk = hnz � Az; yn i = Rehnz � Az; yn i =

= n Rehz; yn i � RehAz; yn i � n kzk � RehAz; yn i :
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Hence8n 2 N: RehAz; yn i � 0. Therefore asn ! 1 ,
kzk� 1 RehAz; zi � 0. Thus, asz 2 D (A) was nonzero and arbitrary,
A is dissipative.

Observe now that in Theorem 3.7,

(�I � A)z = [( � � ! )I � (A � !I )] z

and similarly so with A replaced by A?. Therefore combining
Theorem 3.7 and Lemma 3.6 gives immediately

Corollary 3.3. Let Z be a (complex) Hilbert space and let
A 2 CD(Z). Then A is the generator of C0{semigroup
f T(t)gt � 0 � L (Z) such that kT(t)k � e!t 8t � 0, if and only if
A � !I and A � � !I are dissipative, i.e.

1) RehAz; zi � ! kzk2 8z 2 D (A), and

2) RehA � z; zi � ! kzk2 8z 2 D (A � ).
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Example 3.6. Cfr. Example 1.3 (left{shifts) and Example 3.2/ 2
(associated generator). ConsiderA 2 CD(Z) where Z = L 2(0; 1 )
and

Ah =
dh
dx

where ;

D(A) =
�

h 2 L2(0; 1 ) : h AC;
dh
dx

2 L2(0; 1 )
�

;

i.e. D(A) =: W 1(0; 1 ) (Sobolev space).

Observe that f 2 D (A) =) f 2 L2(0; 1 ) and f is uniformly
continuous. Hence byBarbalat's Lemma, f (1 ) = 0. Thus

2 RehAf; f i =
Z 1

0
[f 0(x)f (x) + f (x)f 0(x)] dx =

= f 2(1 ) � f 2(0) = � f 2(0) � 0 8f 2 D (A) :
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Now by Example 3.5, A � 2 CD(Z) is given by

A � g = �
dg
dx

where D(A � ) =
n

g 2 Z : g AC;
dg
dx

2 Z; g(0) = 0
o

D(A � ) =: W 1
0(0; 1 ) (subspace ofD(A) = W 1(0; 1 )). Thus

2 RehA � g; gi = �
Z 1

0
[g0(x)g(x) + g(x)g0(x)]dx =

= � g2(1 ) + g2(0) = 0 8g 2 D (A � ) :

Hence by Corollary 3.3,A is the generator of C0{semigroup
f T(t)gt � 0 � L (Z) such that kT(t)k � 1 8t � 0, i.e. a contraction
semigroup, which we already knew.

Example 3.7. Cfr. Examples 2.1 and 3.4. Heref � n gn 2 N � R, and
f � n gn 2 N ON basis of Z.
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Consider A = A � 2 CD(Z) such that

Az =
X

n � 1

� n hz; � n i � n ;

D(A) =
n

z 2 Z :
X

n � 1

j� n hz; � n ij 2 < 1
o

:

Moreover assume that! = sup
n � 1

� n < 1 . Then 8z 2 D (A)

RehAz; zi = hAz; zi =
1X

n =1

� n hz; � n i 2 � ! kzk2 :

Hence by Corollary 3.3,A is the generator of C0{semigroup
f T(t)gt � 0 � L (Z) such that kT(t)k � e!t 8t � 0, which we already
knew.
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3.4 Riesz Bases of Eigenvectors

Acknowledgement: this section was suggested by Piotr Grabowski,
to which the author adresses his sincere thanks.

Throughout this section we shall assume that Z is a (complex)
separable Hilbert space with scalar producth�; �i .
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De�nition 3.5. A countable ordered point set f � n gn 2 N � Z is
called a Riesz basisof Z if there exist U 2 L (Z) with U � 1 2 L (Z) (a
Banach isomorphism) and an orthonormal basis f en gn 2 N such that
� n = Uen for n 2 N.

Under the transformation z = Ux () x = U � 1z, the state vector
reads:

z = U
1X

k=1

hx; ek i ek =|{z}
U;U � 1 2 L (Z)

1X

k=1

hU � 1z; ek i Uek =|{z}
[U � 1 ]� =( U � ) � 1

=
1X

k=1

hz; (U � )� 1ek i Uek =
1X

k=1

hz;  k i � k ;

where  k := ( U � )� 1ek k 2 N, de�nes the point set f  k gk2 N, which
is biorthonormal with respect to f � k gk2 N, i.e. a point set satisfying

h� k ;  n i = hUek ; (U � )� 1en i = hek ; en i =
�

1 if k = n

0 if k 6= n

�
:
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Interchanging U with ( U � )� 1 in De�nition 3.5 gives that a point
set biorthonormal with respect to a Riesz basis is itself a Riesz
basis, whose biorthonormal set is equal to the original Rieszbasis.

Example 3.8. In Z = L 2(0; 1) with standard scalar product
consider the operator

Af = � f 0; D(A) = f f 2 Z : f AC; f 0 2 Z; f (0) = Kf (1)g

where K 2 R n f 0g.

÷ A is closed because its extension

Af = � f 0; D(A) = f f 2 Z : f AC; f 0 2 Zg

is closed, whence for any sequencef f n gn 2 N � D (A) such that

f n
Z�! f and Af n

Z�! g, there holds asD(A) � D (A), f 2 D (A)
and Af = g; furthermore one gets8x 2 [0; 1]: lim

n !1
f n (x) = f (x),

such that f n (0) = Kf n (1) gives asn ! 1 : f (0) = Kf (1); hence
f 2 D (A) and Af = g. ù
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÷ D(A) is dense in Z, because it contains the set

f f 2 Z : f AC; f 0 2 Z; f (0) = f (1) = 0 g ;

which is dense in Z.ù

_ Thus A 2 CD(Z).

_ We shall now show that A has a set of eigenvectors which is a
Riesz basis of Z.

Here solving the eigenproblem

Af = �f; f 2 D (A) n f 0g; � 2 C

requires �nding a nonzero absolutely continuous solution of:
(

f 0(� ) = � �f (� ); � 2 [0; 1]

f (0) = Kf (1)

)

:

The solution of the �rst equation is f (� ) = e� �� f (0). Inserting this
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into the second equation givesf (0) = Kf (1) = Ke � � f (0). Here
f (0) 6= 0 as otherwise we would havef (� ) � 0, (observe that for
K = 0 the operator A has no eigenvalues). Hence

e� = K =

(
eln jK j ; K > 0

eln jK j+ j� ; K < 0

)

:

Since the exponential function is 2� {periodic we obtain

� n =

(
ln jK j + 2 j�n; K > 0

ln jK j + 2 j� (n + 1 =2); K < 0

)

; n 2 Z : (3.36)

For K > 0 eigenvalues are located on a line parallel toj R as shown
in Figure 3.3. For K < 0 they are located similarly but vertically
shifted by � .
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Figure 3.3: Eigenvalues ofA for 0 < K < 1, K = 1 and K > 1

The corresponding eigenvectors are normalized by:

kf n k2 = 1 =
Z 1

0
e� 2 Re � n � jf (0)j2 d� =

1 � e� 2 Re � n

2 Re� n
jf (0)j2 =

=
jK j2 � 1

2 jK j2 ln jK j
jf (0)j2 :
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Hence these eigenvectors are:

f n (� ) = jK j

s
2 ln jK j

jK j2 � 1
e� � n � = ' (� )e� 2jn�� ; � 2 [0; 1]; n 2 Z

(3.37)
where

' (� ) = jK j

s
2 ln jK j

jK j2 � 1

(
e� � ln jK j ; K > 0

e� � (ln jK j+ j� ) ; K < 0

)

: (3.38)

(3.37) shows that the set of eigenvectorsf f n gn 2 Z arises from the
classical Fourier orthonormal basisf e� 2j�n ( �) gn 2 Z by the action of
the multiplication operator M ' induced by ' ,

(M ' f ) ( � ) := ' (� )f (� ) ;

kM ' kL (Z) = k' kC[0 ;1] = sup
� 2 [0;1]

j' (� )j
(3 :38)
z}|{
=
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=

s
2 ln jK j

jK j2 � 1
| {z }
! 1 as K ! 1

(
1; 0 < jK j � 1

jK j ; jK j > 1

)

< 1

then M ' 2 L (Z). Furthermore,

k1=' kC[0 ;1] = 1 = inf
� 2 [0;1]

j' (� )j
(3 :38)
z}|{
=

=

s
jK j2 � 1
2 ln jK j

| {z }
! 1 as K ! 1

8
<

:

1
jK j

; 0 < jK j � 1

1; jK j > 1

9
=

;
< 1 ;

whenceM � 1
' 2 L (Z) as well, with




 M � 1

'






L (Z)
= k1=' kC[0 ;1] .

By De�nition 3.5 the ordered point set f f n gn 2 Z given by (3.37) and
(3.38) is a Riesz basis of Z provided thatK 6= 0. As regards A � ,
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simple considerations give

A � g = g0; D(A � ) = f g 2 Z : g AC; g0 2 Z; g(1) = Kg (0)g :

De�nition 3.6. A 2 CD(Z) is normal if D(A) = D(A � ) and
kAzk = kA � zk for any z 2 D (A) or equivalently A � A = AA �

(Weidmann, 1980, Section 5.6).

Observe that D(A � ) = D(A) i� jK j = 1. Actually A is then a
skew{adjoint operator and hence normal. It is clear that for
jK j 6= 1 the operator A cannot be normal.

_ We consider now the dissipativity of both A and A � .

It is easy to see that

2hf; Af i = � 2
Z 1

0
f (� )f 0(� )d� =

�
� f 2(1) + f 2(0)

�
=

=
�
K 2 � 1

�
f 2(1) � 0 8f 2 D (A) () j K j � 1
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and

2hg; A� gi = 2
Z 1

0
g(� )g0(� )d� =

�
g2(1) � g2(0)

�
=

=
�
K 2 � 1

�
g2(0) � 0 8g 2 D (A � ) () j K j � 1 :

By Corollary 3.3 the operator A (as well as its adjoint A � )
generates a semigroup of contractions i�jK j � 1. If K = 0 then the
contraction semigroup generated byA is the right{shift semigroup
on Z while the contraction semigroup generated byA � is the
left{shift semigroup on Z.

Observe that the question whetherA is a generator of a C0{SG
cannot be answered forjK j > 1. Di�culties in establishing that A
is a generator of a C0{semigroup as well as the fact that A is
normal only for exceptional values of the parameterK are caused
by the two point boundary condition f (0) = Kf (1) as explained in
Figure 3.4.
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K �
6

Figure 3.4: Feedback leads to two point boundary conditions

However such boundary conditions occur in engineering. Oneof the
basic principles of control engineering and electronics isfeedback:
information about the system output is being returned to the
system input through a controller or corrector in order to stabilize
the output signal, usually a constant or a periodic one. Some
industrial chemical reactors exploit the re
ux idea: part of the
produced output is returned to the reactor input in order to
increase e�ciency. Thus special mathematical tools are needed to
analyze semigroup generation in mathematical dynamical models of
such systems.
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De�nition 3.7. A linear operator A : (D(A) � Z) ! Z is said to
be similar to a linear operator N : (D(N ) � Z) ! Z if there exists a
similarity transformation U 2 L (Z) with U � 1 2 L (Z) (a Banach
isomorphism) such that U � 1AU = N .

In the sequel we shall need the following tool.

Lemma 3.7. Let N 2 CD(Z) have an ordered point set
f � n gn 2 N � C of simple eigenvalues to which correspond
eigenvectorsf en gn 2 N, which form an orthonormal basis of Z. Then
f en gn 2 N is an orthonormal basis of eigenvectors ofN � ,
corresponding to eigenvaluesf � n gn 2 N, viz.

N � en = � n en 8n 2 N : (3.39)

148



'

&

$

%

Moreover N and N � 2 CD(Z) are given by

Nz =
1X

k=1

� k hz; ek i ek and N � z =
1X

k=1

� k hz; ek i ek

D(N ) = D(N � ) =

(

z 2 Z :
1X

k=1

j� k j2 jhz; ek ij 2 < 1

) (3.40)

Finally N is normal.

Remark 3.2. According to (Kato, 1966, p. 41 and Chapter III x6
Section 5), an eigenvalue� 2 C of a closed operatorN is simple if it
has algebraic multiplicity 1, i.e. its algebraic eigenspace is spanned
by one eigenvector. Moreover in this case,� is a simple eigenvalue
of N � . Finally if all eigenvalues are simple and the eigenvectorsare
orthonormal, then the eigenvalues are necessarily distinct.

Proof. 1) Let f f n gn 2 N be a set of eigenvectors ofN � i.e.
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N � f n = � n f n 8n 2 N. Then

� n hem ; f n i = hem ; N � f n i = hNem ; f n i = � m hem ; f n i :

As all eigenvalues are distinct,hem ; f n i = 0 for all m 6= n. Hence by
scaling the f n such that for all n 2 N: hen ; f n i = 1, the set f f n gn 2 N

is biorthonormal to the orthonormal basis f en gn 2 N. This implies
f n = en 8n 2 N.

2) Let ~N be the operator de�ned by the right{hand sides of (3.40)

concerningN . Let z 2 D ( ~N ). Put zk :=
kX

n =1

hz; en i en . Then

f zk g � D (N ) and, Nzk =
kX

n =1

� n hz; en i en = ~Nzk . Then, for

k ! 1 , zk ! z and Nzk ! ~Nz. As N is closed,z 2 D (N ) and
Nz = ~Nz. Conversely let z 2 D (N ). Then 8k 2 N

hNz; ek i = hz; N � ek i = � k hz; ek i :
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Hence
1X

k=1

j� k j2 jhz; ek ij 2 = kNzk2 < 1 ;

whencez 2 D ( ~N ). HenceN = ~N . Thus N is given by (3.40). It is
then straightforward to show that N � is given by (3.40).

3) N is normal by (3.40) and De�nition 3.6.

The next result is an extension of Example 3.4.

Theorem 3.8. Let N 2 CD(Z) have an ordered point set
f � n gn 2 N � C of simple eigenvalues to which correspond
eigenvectorsf en gn 2 N, which form an orthonormal basis of Z. Then
N generates a C0{SG f S(t)gt � 0 � L (Z) i�

! 0 := sup
n 2 N

Re� n < 1 : (3.41)
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Moreover then 8z0 2 Z the C0{semigroup is given by

S(t)z0 =
1X

k=1

e� k t hz0; ek i ek ; (3.42)

and its growth constant is ! 0 as in (3.41).

Proof. Necessity .

We have that N generates a C0{SG f S(t)gt � 0 � L (Z). We show
�rst that (3.42) holds. By Lemma 3.7 (3.40) is valid. Now N � is
the generator of the C0{SG f S� (t)gt � 0 � L (Z) and S� (t)en is the
unique classical solution of the homogeneous Cauchy problem:

(
_z(t) = N � z(t)

z(0) = en

)

:
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Moreover the same applies tozn (t) := e� n t en , as by using (3.39)

_zn (t) = � n zn (t) = e� n t � n en = e� n t N � en = N � zn (t)

and zn (0) = en . Hence by uniquenessS� (t)en = zn (t) = e� n t en .
Therefore 8z0 2 Z

S(t)z0 =
1X

k=1

hS(t)z0; ek i ek =
1X

k=1

hz0; S� (t)ek i ek =

=
1X

k=1

hz0; e� k t ek i ek =
1X

k=1

e� k t hz0; ek i ek :

Hence (3.42) holds.

Now chooset > 0 in (3.42) and put z0 = ek , giving S(t)ek = e� k t ek

with kek k = 1. Therefore as S(t) 2 L (Z), for all k 2 N,
kS(t)ek k = eRe � k t � k S(t)k, which gives

e! 0 t � k S(t)k ; (3.43)
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from which one gets (3.41).

Sufficiency .

(3.40) and simple calculations give8z 2 D (N ) = D(N � )

RehNz; zi � ! 0 kzk2 and RehN � z; zi � ! 0 kzk2 :

Hence by Corollary 3.3,N is the generator of a C0{SG
f S(t)gt � 0 � L (Z) such that

kS(t)k � e! 0 t 8t � 0 :

As the converse inequality holds by (3.43), we get equality and ! 0

is the growth constant of S(t).

Similarity, Lemma 3.7 and Theorem 3.8 give immediately:

Theorem 3.9. Let A 2 CD(Z) have have an ordered point set
f � n gn 2 N � C of simple eigenvalues to which correspond
eigenvectorsf � n gn 2 N, which form a Riesz basis of Z. ThenA
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generates a C0{SG f T(t)gt � 0 � L (Z) i� (3.41) holds. Moreover
then, 8z0 2 Z the C0{SG is given by

T(t)z0 =
1X

k=1

e� k t hz0;  k i � k ; (3.44)

where f  n gn 2 N is the biorthonormal Riesz basis of eigenvectors of
A � , corresponding to its eigenvaluesf � n gn 2 N. Finally the growth
constant of f T(t)gt � 0 is ! 0 as in (3.41).

Proof. We have that f � k gk2 N is a Riesz basis of eigenvectors of
A 2 CD(Z) corresponding to simple eigenvalues. Hence by
de�nition, there exists a similarity transform U and an orthonormal
basis f ek = U � 1� k gk2 N such that:

AUek = A� k = � k � k = � k Uek ; k 2 N :

Hence, the operatorN := U � 1AU belongs toCD(Z) and has an
ordered point set f � n gn 2 N of simple eigenvalues to which

155

'

&

$

%

correspond eigenvectorsf en gn 2 N, which form an orthonormal basis
of Z. By Lemma 3.7 N is normal and given by (3.40). Furthermore

N � = U � A � [U � 1]� = U � A � [U � ]� 1

and by Lemma 3.7 and (3.39): f  n gn 2 N,  n = [ U � ]� 1en is the set
of eigenvectors ofA � , which is the Riesz basis biorthonormal with
respect to f � n gn 2 N. By Theorem 3.8, N generates a C0{SG
f S(t)gt � 0 � L (Z) i� (3.41) holds, whence the same occurs forA by
the relation T(t) = US(t)U � 1 induced by

(�I � A)� 1 = U(�I � N )� 1U � 1 :

Finally under (3.41), 8z0 2 Z we obtain (3.44) using

T(t)z0 = US(t)U � 1z0 = U
1X

k=0

e� k t hU � 1z0; ek i ek =

=
1X

k=0

e� k t 

z0; [U � ]� 1ek

�
Uek =

1X

k=0

e� k t hz0;  k i � k :
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The statement about the growth constant is left as an exercise.

Example 3.9 (Continuation of Example 3.8). The operator A
of Example 3.8 belongs toCD(Z) for all K .

For K 6= 0, it has a set of simple eigenvalues to which correspond
eigenvectors which form a Riesz basis of Z, such that (3.41) holds
with ! 0 = ln jK j. Thus by Theorem 3.9, for K 6= 0, A generates a
C0 {semigroup.

As already observed, forK = 0, A is the the generator of the
right{shift C 0{semigroup on Z.

4 The Controlled Cauchy Problem

Let Z be a Hilbert space andA be the generator of a C0{SG
f T(t)gt � 0 � L (Z).
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We shall study the controlled Cauchy problem given by

_z(t) = Az(t) + f (t) t 2 [0; T); z(0) = z0 2 Z (4.1)

where f 2 L1(0; T ; Z) � C(0; T ; Z).

(4.1) is called anabstract di�erential equation .

We shall study continuous solutions of (4.1).

De�nition 4.1. z(�) 2 C(0; T; Z) is called

a) classical solutionof (4.1) if z(�) 2 C1(0; T ; Z) and z(�) satis�es
(4.1) 8t 2 [0; T).

b) strong solution of (4.1) if z(�) 2 AC(0; T; Z) (absolutely
continuous) and z(�) satis�es (4.1) 8t 2 [0; T ] almost
everywhere.

c) weak solutionof (4.1) if for every y 2 D (A � ):
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hz(�); yi Z 2 AC(0; T), and hz(�); yi Z satis�es

d
dt

hz(�); yi Z =|{z}
almost everywhere

hz(�); A � yi Z + hf (t); yi Z 8t 2 [0; T ] :

The following tool information is paramount

We have: f (�) 2 AC(0; T; Z)
4

() For almost all t 2 [0; T ]:
_f (t) 2 Z exists and

8t 2 [0; T ] : f (t) = f (0) +
Z t

0

_f (s)ds

where _f 2 L1(0; T ; Z).

Important results are.

Theorem 4.1. (Hille and Phillips, 1957) Let f 2 L1(0; T ; Z), then
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for almost all t 2 [0; T ]:

d
dt

Z t

0
f (s)ds = f (t) :

If f 2 C(0; T; Z) then equality holds everywhere.

Corollary 4.1. If f (t) = f (0) +
Z t

0
g(s)ds where g 2 L1(0; T ; Z)

then _f = g almost everywhere andf (t) = f (0) +
Z t

0

_f (s)ds where

_f 2 L1(0; T ; Z) i.e. f 2 AC(0; T; Z).

Remark 4.1. It follows easily that a classical solution z(�) of (4.1)
is a strong solution, and a strong solution is a weak one.We shall
concentrate on weak and strong solutions (classical is a special case
of strong). These are predicted by the following de�nition.

De�nition 4.2. Let f 2 L1(0; T ; Z). We call

z(t) = T(t)z0 + v(t); z0 2 Z ; (4.2)
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where

v(t) =
Z t

0
T(t � s)f (s)ds ; (4.3)

the mild solution of (4.1).

*

� (4.3) is the mild solution for z0 = 0

� z0 2 Z or z0 2 D (A) according to the case

� With U a Hilbert space, and B 2 L (U; Z) one gets:

u 2 L1(0; T ; Z) =) f (�) := Bu(�) 2 L1(0; T ; Z)

such that

v(t) =
Z t

0
T(t � s)Bu(s)ds :

In the sequel we shall frequently need Fubini's Theorem for
Bochner integrals (Hille and Phillips, 1957).
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Theorem 4.2. Let Z be a separable Hilbert space; let
R2 3 (t; s) 7�! f (t; s) 2 Z be a measurable function i.e.8z 2 Z
R2 3 (t; s) 7�! h f (t; s); zi Z is measurable. Let
R2 3 (t; s) 7�! f (t; s) 2 Z be (B ){integrable i.e. in the following
equality (obtained by Tonelli's Theorem)

Z

R

Z

R
kf (t; s)k dt ds =

Z

R

Z

R
kf (t; s)k ds dt

one of the two iterated integrals is �nite. Then:

a) For almost all t 2 R: s 7�! f (t; s) is (B ){integrable
(2 L1(R; Z)).

a') For almost all s 2 R: t 7�! f (t; s) is (B ){integrable.

b) R 3 t 7�!
Z

R
f (t; s)ds is (B ){integrable.

b') R 3 s 7�!
Z

R
f (t; s)dt is (B ){integrable.
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c)
Z

R

Z

R
f (t; s)ds dt =

Z

R

Z

R
f (t; s)dt ds.

* One may replaceR2 by a measurable subset ofR2.

Lemma 4.1. (
R

T ? f = T ?
R

f ). Let f 2 L1(0; T ; Z). 8t 2 [0; T ],
let v(�) given by (4.3), i.e.

v(t) :=
Z t

0
T(t � s)f (s)ds ;

and let

w(t) :=
Z t

0
T(t � s)

� Z s

0
f (� )d�

�
ds : (4.4)

Then 8t 2 [0; T ],

1)
Z t

0
v(s)ds = w(t) 2 D (A) ;

2) A
Z t

0
v(s)ds = Aw(t) = v(t) �

Z t

0
f (s)ds :
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Proof. We usekT(t)k � Me!t where M � 1. Moreover we consider
the triangle T � [0; t]2 � R2 given by

T = f (s; � ) j s 2 [0; t] ; � 2 [0; s]g

= f (s; � ) j � 2 [0; t] ; s 2 [�; t ]g ;
(4.5)

where the �rst formula corresponds to vertical scanning of the
triangle, and the second formula to horizontal scanning.
Straightforward manipulations using Tonelli's Theorem show then

Z t

0

� Z s

0
kT(s � � )f (� )k d�

�
ds � M

� Z t

0
e!s ds

�
�
� Z t

0
kf (� )k d�

�

Hence (s; � ) 7! T(s � � )f (� ) is (B ){integrable on T , where the
arguments s � � and � may be interchanged.

Hence using Fubini's Theorem 4.2 along the way, we obtain
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successively:
Z t

0
v(s)ds =

=
Z t

0

� Z s

0
T(s � � )f (� )d�

�
ds =

Z t

0

� Z s

0
T(� )f (s � � )d�

�
ds =

=
Z t

0

� Z t

�
T(� )f (s � � )ds

�
d� =

Z t

0
T(� )

� Z t

�
f (s � � )ds

�
d� =

=
Z t

0
T(� )

� Z t � �

0
f (s)ds

�
d� =

Z t

0
T(t � � )

� Z �

0
f (s)ds

�
d� =

= w(t)

Moreover by Fubini's Theorem 4.2 :
Z t

0
v(s)ds =

Z t

0
' (� )d� with

' (� ) 2 L1(0; t ; Z) given by :

' (� ) =
Z t

�
T(s � � )f (� )ds =

Z t � �

0
T(s)f (� )ds 2 D (A) ;
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where the last assertion follows by Theorem 3.2, which givesalso :

A' (� ) = T(t � � )f (� ) � f (� ) 2 L1(0; t ; Z) :

Hence by Theorem 2.10 :
Z t

0
v(s)ds =

Z t

0
' (� )d� 2 D (A) and

A
Z t

0
v(s)ds =

Z t

0
A' (� )d� =

=
Z t

0
T(t � � )f (� )d� �

Z t

0
f (� )d� = v(t) �

Z t

0
f (s)ds :

Lemma 4.2. Every (continuous) classical, strong or weak solution
of (4.1) is unique.

Proof. By Remark 4.1 such solution is necessarily a weak solution.
Hence it is su�cient to show uniqueness for a weak (continuous)
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solution. Now consider two such solutionsz1(�) and z2(�). Then
z1(0) = z2(0). Thus with z(�) := z1(�) � z2(�) and using De�nition
(4.1) we must show that:

If z(�) 2 C(0; T; Z) such that 8y 2 D (A � ): hz(�); yi 2 AC(0; T) and
8
><

>:

d
dt

hz(t); yi
almost everywhere

z}|{
= hz(t); A � yi 8 t 2 [0; T ]

hz(0); yi = 0

9
>=

>;
(4.6)

then z(t) � 0.

To see this, takey 2 D (A � ). Then, since hz(�); yi 2 AC(0; T):

hz(t); yi =
Z t

0

d
ds

hz(s); yi ds where
d
ds

hz(s); yi 2 L1(0; T) :

We shall get Z t

0
z(s)ds � 0 (4.7)
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whence by Theorem 4.1:z(t) � 0.

(4.7) is obtained as follows:

With y 2 D (A � ) it follows, by Theorem 3.2, that T � (t)y 2 D (A � )

and then, with v[z](t) :=
Z t

0
T(t � s)z(s)
| {z }
(B) {integrable

ds,

hv[z](t); yi =
Z t

0
hT(t � s)z(s); yi ds =

Z t

0
hz(s); T � (t � s)y

| {z }
2D (A � )

i ds =
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=
Z t

0

Z s

0

d
d�

hz(� ); T � (t � s)yi d� ds =

=|{z}
(4.6)

Z t

s=0

0

B
@

Z s

� =0
hz(� ); A � T � (t � s)y

| {z }
= T � ( t � s)A � y

i d�

1

C
A ds =

=
Z t

s=0

0

B
@

Z s

� =0

*

T(t � s)z(� )
| {z }

(B) {integrable on T , (4.5)

; A � y

+

d�

1

C
A ds =

=
� Z t

s=0

� Z s

� =0
T(t � s)z(� )d�

�
ds; A� y

�
=

:=|{z}
Lemma 4.1

hw[z](t); A � yi = hAw[z](t); yi = hv[z](t) �
Z t

0
z(s)ds; yi

= hv[z](t); yi �
� Z t

0
z(s)ds; y

�
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Hence
DRt

0 z(s)ds; y
E

� 0 8y 2 D(A � ), with D(A � ) dense inZ .

Thus (4.7) holds, and z(t) � 0.

Lemma 4.3. Let f 2 L1(0; T ; Z), then v(�) given by (4.3) is
continuous, i.e. v(�) 2 C(0; T; Z). It follows that the mild solution
(4.2){(4.3) is continuous.

Proof. We usekT(t)k � Me!t where M � 1, ! � 0. Observe that
by the dominated convergence theorem

lim
h! 0+

Z T

0
k[T(h) � I ] f (t)k dt = 0 :

÷ this holds because

1) Sincef T(t)gt � 0 is strongly continuous with f (t) 2 Z:

lim
h! 0+

k[T(h) � I ] f (t)kZ = 0 t 2 [0; T ] :
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2) 8h 2 [0; � ]: k[T(h) � I ] f (t)k � 2Me!� kf (t)k 2 L1(0; T) ù

Right continuity . With h > 0

v(t + h) � v(t) =
Z t + h

t
T(t + h � s)f (s)ds+

+
Z t

0
T(t � s) [T(h) � I ] f (s)ds :

(4.8)

÷ Note that
Z t + h

0
T(t + h � s)f (s)ds �

Z t

0
T(t � s)f (s)ds =

=
Z t + h

t
T(t + h � s)f (s)ds +

Z t

0
[T (t + h � s) � T(t � s)] f (s)ds ù
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Hence

kv(t + h) � v(t)k � Me!h

�! 0 (h ! 0+)
z }| {Z t + h

t
kf (s)k ds+

+ Me!t
Z t

0
k[T(h) � I ] f (s)k ds

| {z }
�! 0 (h ! 0+)

:

Thus
lim

h! 0+
v(t + h) = v(t) :

Left continuity . Upon replacing t + h and t by t and t � h we
have by (4.8):

v(t) � v(t � h) =
Z t

t � h
T(t � s)f (s)ds+

+
Z t � h

0
T(t � h � s) [T(h) � I ] f (s)ds
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whence

kv(t) � v(t � h)k � Me!h
Z t

t � h
kf (s)k ds+

+ Me!t
Z t

0
k[T(h) � I ] f (s)k ds

h! 0+
�! 0 :

Thus
lim

h! 0+
v(t � h) = v(t) :

It follows that v(�) 2 C(0; T; Z) and 8z0 2 Z:
T(�)z0 + v(�) 2 C(0; T; Z).

Lemma 4.4. Let f (t) � 0. Then:

a) 8z0 2 D (A) (4.1) has a unique solution which is classical and
given by

z(t) = T(t)z0 : (4.9)

b) 8z0 2 Z (4.1) has a unique weak solution given by (4.9).
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Proof. a) : z0 2 D (A). By Theorem 3.2: T(t)z0 2 D (A),

T(t)z0 � z0 =
Z t

0
T(s)Az0| {z }
2 C(0 ;T ;Z)

ds

and
d
dt

T(t)z0 = T(t)Az0 = AT (t)z0 8t 2 [0; T ] :

Thus T(t)z0 2 C1(0; T;Z) and satis�es (4.1) 8t 2 [0; T).

HenceT(t)z0 is a classical solution, unique by Lemma 4.2.

b) : z0 2 Z. Take y 2 D (A � ) and note that

hT(t)z0; yi = hz0; T � (t)yi where T � (t)y 2 C1(0; T ; Z)

is a classical solution of

_� (t) = A � � (t); � (0) = y 2 D (A � ) :
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Then

hT(t)z0; yi � h z0; yi = hz0; T � (t)y � yi =
�

z0;
Z t

0
T � (s)A � y ds

�
=

=
Z t

0
hz0; T � (s)A � yi ds =

Z t

0
hT(s)z0; A � yi
| {z }

2 L 1 (0 ;T )

ds :

It follows (Corollary 4.1) that hT(t)z0; yi 2 AC(0; T) where

d
dt

hT(s)z0; yi
almost everywhere

z}|{
= hT(s)z0; A � yi ; hT(0)z0; yi = hz0; yi :

HenceT(t)z0 is a weak solution, unique by Lemma 4.2.

Lemma 4.5. If f 2 L1(0; T ; Z) then v(�) de�ned by (4.3) is a
(unique) weak solution of (4.1) for z0 = 0.

Proof. By Lemma 4.1 there holds: 8t 2 [0; T ]
Z t

0
v(s)ds 2 D (A)
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and

A
Z t

0
v(s)ds = v(t) �

Z t

0
f (s)ds ;

where f 2 L1(0; t ; Z). Take y 2 D (A � ). Then
�

A
Z t

0
v(s)ds; y

�
=

� Z t

0
v(s)ds; A� y

�
= hv(t); yi �

Z t

0
hf (s); yi ds

with v(�) 2 C(0; t ; Z) � L1(0; t ; Z). Hence �nally
Z t

0
hv(s); A � yi ds = hv(t); yi �

Z t

0
hf (s); yi ds :

Thus 8t 2 [0; T ] hv(t); yi =
Z t

0

�
hf (s); yi + hv(s); A � yi
| {z }

2 L 1 (0 ;T )

�
ds

such that by Corollary 4.1, hv(�); yi 2 AC(0; T) and

d
dt

hv(t); yi
almost everywhere

z}|{
= hv(t); A � yi + hf (t); yi ; hv(t); yi = 0 :
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Hencev(�) is a weak solution of (4.1) for z0 = 0, unique by Lemma
4.2.

Lemmas 4.4 and 4.5 yield

Theorem 4.3. Let f (�) 2 L1(0; T ; Z). Then 8z0 2 Z, (4.1) has a
unique weak solution which is the mild solution given by
(4.2){(4.3).

We consider nowstrong solutions . A little thought reveals that
for z0 = 0, any strong solution is necessarily equal tov(�) given by
(4.3). This follows easily by Theorem 4.3, because strong solutions
are necessarily weak, continuous and any type of solution isunique.

Lemma 4.6. Let f (�) 2 L1(0; T ; Z) and let v(�) be given by (4.3).

Then v(�) is a strong solution of (4.1) for z0 = 0
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if and only if

v(t) 2 D (A) for almost all t 2 [0; T ] and

(Av)( �) 2 L1(0; T ; Z) :
(4.10)

Proof. Þ : One has

dv(t)
dt

almost everywhere
z}|{
= Av(t) + f (t)

whencev(t) 2 D (A) almost everywhere.

Moreover v(�) 2 AC(0; T; Z) such that v(0) = 0 = )

v(t) =
Z t

0

d
ds

v(s)ds where
d
dt

v(t) 2 L1(0; T ; Z) :

It follows that Av(t) + f (t) 2 L1(0; T ; Z) such that with
f (t) 2 L1(0; T ; Z), Av(t) 2 L1(0; T ; Z).
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Ü : By Lemma 4.1 there holds : 8t 2 [0; T ]
Z t

0
v(s)ds 2 D (A)

and

A
Z t

0
v(s)ds = v(t) �

Z t

0
f (s)ds ;

where by (4.10) and by Theorem 2.10:A
Z t

0
v(s)ds =

Z t

0
(Av)(s)ds.

Therefore

v(t) =
Z t

0
[(Av) (s) + f (s)]
| {z }

2 L 1 (0 ;T ;Z)

ds :

Hence by Corollary 4.1,v(�) 2 AC(0; T; Z) and

dv(t)
dt

=|{z}
almost everywhere

Av(t) + f (t); t 2 [0; T ]; v(0) = 0 :

It follows that v(�) is a strong solution of (4.1) for z0 = 0.

179

'

&

$

%

Lemma 4.7. Consider v(�) de�ned by (4.3) where
f (�) 2 L1(0; T ; Z) is such that:

a) f (t) 2 D (A) almost everywhere and (Af ) ( �) 2 L1(0; T ; Z) or

b) f (t) 2 AC(0; T; Z).

Then v(�) is a (unique) strong solution of (4.1) for z0 = 0.
If moreover f (t) 2 C(0; T; Z) (true for b) ) then v(�) is a (unique)
classical solution of (4.1) forz0 = 0.

Proof. Step 1: (4.10) is valid, with ( Av) ( �) 2 C(0; T; Z), such that,
by Lemma 4.6, v(�) is a (unique) strong solution of (4.1) for z0 = 0.

a) : f (t) 2 D (A) almost everywhere and (Af ) ( �) 2 L1(0; T ; Z).

Choose anyt 2 [0; T ] and considers 2 [0; t].

Then, by Theorem 3.2 :

for almost every s 2 [0; t] T(t � s)f (s) 2 D (A) :
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Moreover usingkT(t)k � Me!t , it is easy to see that

T(t � s)f (s) 2 L1(0; t ; Z)

and

AT (t � s)f (s) = T(t � s)Af (s) 2 L1(0; t ; Z) :

Hence, asA is closed, by Theorem 2.10 :8t 2 [0; T ]

v(t) =
Z t

0
T(t � s)f (s)ds 2 D (A)

and

(Av) ( t) =

=
Z t

0
AT (t � s)f (s)ds =

Z t

0
T(t � s)Af (s)ds 2 C(0; T; Z) ;

where the last assertion follows by Lemma 4.3.

181

'

&

$

%

b) f (�) 2 AC(0; T; Z) i.e.

8t 2 [0; T ] f (t) = f (0) +
Z t

0

_f (s)ds where _f (�) 2 L1(0; T ; Z) :

Hence

v(t) =
Z t

0
T(t � s)

�
f (0) +

Z s

0

_f (� )d�
�

ds =: v1(t) + v2(t) :

Now

(1) v1(t) =
Z t

0
T(s)f (0)ds 2 D (A) ;

where the last assertion follows by Theorem 3.2, which gives
also :

Av1(t) = T(t)f (0) � f (0) :

(2) v2(t) =
Z t

0
T(t � s)

� Z s

0

_f (� )d�
�

ds,
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such that by Lemma 4.1 : v2(t) = w[ _f ](t) 2 D (A) and

Av2(t) = v[ _f ](t) �
Z t

0

_f (s)ds =

=
Z t

0
T(t � s) _f (s)ds � f (t) + f (0) :

Finnally by combining : 8t 2 [0; T ] : v(t) = v1(t) + v2(t) 2 D (A)
and

(Av) ( t) =
Z t

0
T(t � s) _f (s)ds + T(t)f (0) � f (t) 2 C(0; T; Z)

where the last conclusion follows from Lemma 4.3 and becausef (�)
is continuous.

Step 2: If moreover f (�) 2 C(0; T; Z) then v(�) is a classical
solution of (4.1) for z0 = 0.
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By Step 1 we have8t 2 [0; T ]

v(t) =
Z t

0
[Av(s) + f (s)]
| {z }

2 C(0 ;T ;Z)

ds

thus by Corollary 4.1 v(�) 2 C1(0; T ; Z) and

8t 2 [0; T) :
d
dt

v(t) = ( Av) ( t) + f (t) :

Therefore v(�) is a classical solution of (4.1) forz0 = 0.
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Combining Lemmas 4.4 and 4.7 one gets

Theorem 4.4. If f (�) 2 L1(0; T ; Z) where:

a) f (t) 2 D (A) almost everywhere and (Af ) ( �) 2 L1(0; T ; Z) or

b) f (�) 2 AC(0; T; Z).

Then 8z0 2 D (A) (4.1) has a unique strong solution which is the
mild solution given by (4.2) and (4.3). Moreover if f (�) 2 C(0; T; Z)
(true for b) ), then this solution is classical.

5 Perturbed Generators

Theorem 5.1. Let Z be a Hilbert space,A the generator of a
C0{SG f T(t)gt � 0, and D 2 L (Z).

Then A + D is the generator of a C0{SG f TD (t)gt � 0 which is the
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unique solution of the operator integral equation:

S(t)z0 = T(t)z0 +
Z t

0
T(t � s)DS(s)z0ds; z0 2 Z (5.1)

where S(t) 2 L (Z) 8t � 0 and

t 7�! S(t)z0 2 C(0; T; Z) T > 0 :

Moreover, with kT(t)k � Me!t 8t � 0,

kTD (t)k � Me( ! + M kD k)t 8t � 0 (5.2)

and with z0 2 Z

TD (t)z0 = T(t)z0 +
Z t

0
T(t � s)DTD (s)z0ds (5.3)

and

TD (t)z0 = T(t)z0 +
Z t

0
TD (t � s)DT (s)z0ds : (5.4)
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Proof. Gronwall's Lemma . Let z(�) 2 L1(0; T) for all T > 0, with
z(�) � 0. Let � � 0 and � > 0 be such that 8 t � 0

z(t) � � + �
Z t

0
z(s)ds :

Then 8t � 0, z(t) � �e �t :

Outline of the proof :

a) (5.1) has a unique solution of the form

S(t)z0 = TD (t)z0 z0 2 Z

such that 8t � 0: TD (t) 2 L (Z), (5.2) is valid,

TD (�)z0 2 C(0; T; Z) 8T > 0

and (5.3) is satis�ed.

b) f TD (t)gt � 0 � L (Z) is a C0{SG and its generator is A + D;
furthermore (5.4) holds.
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a): Solving (5.1) . De�ne 8z0 2 Z
8
><

>:

S0(t)z0 = T(t)z0

Sn (t)z0 =
Z t

0
T(t � s)DSn � 1(s)z0 ds

9
>=

>;
; (5.5)

and let

TD (t) :=
1X

n =0

Sn (t) : (5.6)

De�ne

SN (t)z0 :=
NX

n =0

Sn (t)z0 : (5.7)

Then kT(t)k � Me!t implies by induction

kSn (t)k � M n +1 kDkn tn

n!
e!t (5.8)

÷ True for n = 0;

True for n � 1 =) true for n.
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To see this observe that

kSn (t)z0k �
Z t

0
kT(t � s)k kDk M n




 D n � 1




 sn � 1

(n � 1)!
e!s dskz0k

whence

kSn (t)k � Me!t kDkn M n 1
(n � 1)!

Z t

0
sn � 1ds

| {z }
= t n =n

� M n +1 kDkn tn

n!
e!t ù

Then
1X

n =0

kSn (t)k � Me!t
1X

n =0

(M kDk t)n

n!
= Me( ! + M kD k)t

� Me( ! + M kD k)T 8t 2 [0; T ] :

(5.9)

It follows that the series
X

n � 0

Sn (t) converges absolutely ink�kL (Z)
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uniformly in t 2 [0; T ]. Hence by (5.6) and (5.9):

8t � 0 kTD (t)k � Me( ! + M kD k)t

whence8t � 0 TD (t) 2 L (Z) and (5.2) is true.

Moreover by (5.7) and (5.5):

8N � 1 : SN (t)z0 = T(t)z0+
Z t

0
T(t � s)DSN (s)z0ds; z0 2 Z (5.10)

where 8N � 0 by induction

SN (t)z0 2 C(0; T; Z)

÷ True for N = 0 as S0(t)z0 = T(t)z0. True for N � 1 implies true
for N : observe that SN � 1(�)z0 2 C(0; T; Z) � L1(0; T ; Z) such that
Lemma 4.3 and (5.10) yield: SN (�)z0 2 C(0; T; Z) ù ,

and

lim
N !1

SN (t)z0 = TD (t)z0 uniformly in t 2 [0; T ] (5.11)
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÷ As

kTD (t)z0 � SN (t)z0k =












1X

n = N +1

Sn (t)z0












�

� k z0k
1X

n = N +1

kSn (t)k
N !1
�! 0 uniformly in t 2 [0; T ]

as
1X

n =0

kSn (t)k converges uniformly in t 2 [0; T ] ù .

The conclusion is that in view of (5.11), letting N ! 1 in (5.10)
yields (5.3) and moreover

TD (�)z0 2 C(0; T; Z) 8T > 0 :

Thus (5.1) has a solutionS(t)z0 = TD (t)z0 as was required.
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Uniqueness of the solution

Let S(t)z0 be a solution of (5.1). Then

8z0 2 Z : [TD (t) � S(t)] z0 =
Z t

0
T(t � s)D [TD (s) � S(s)] z0 ds

whence

k[TD (t) � S(t)] z0k � M kDk
Z t

0
e! ( t � s) k[TD (s) � S(s)] z0k ds :

Then de�ning g(t) := e� !t k[TD (t) � S(t)] z0k gives

g(t) � M kDk
Z t

0
g(s)ds + "

where " � 0 is arbitrary. Therefore by Gronwall's Lemma:

0 � g(t) � "eM kD kt where " � 0 is arbitrary :

Thus g(t) � 0 i.e. TD (t)z0 = S(t)z0 8t � 0.
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b) : f TD (t)gt � 0 � L (Z) is a C0{SG.

SinceTD (�)z0 2 C(0; T; Z) 8T > 0 we are done if

TD (0) = I and TD (t + s) = TD (t)TD (s) :

For this purpose note that by (5.3)

TD (0)z0 = T(0)z0 = z0 4 :

Moreover by (5.3)

TD (t + s)z0 = T(t + s)z0 +
Z t + s

0
T(t + s � � )DTD (� )z0 d� =

= T(t)T(s)z0 +
Z s

0
T(t + s � � )DTD (� )z0 d� +

+
Z t + s

s
T(t + s � � )DTD (� )z0 d� ;
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whence

TD (t + s)z0 = T(t)T(s)z0 + T(t)
Z s

0
T(s � � )DTD (� )z0 d� +

+
Z t

0
T(t � � )DTD (� + s)z0 d� =

= T(t)TD (s)z0 +
Z t

0
T(t � � )DTD (� + s)z0 d� :

Moreover

TD (t)TD (s)z0 = T(t)TD (s)z0 +
Z t

0
T(t � � )DTD (� )TD (s)z0 d� :

Hence by subtraction

TD (t + s)z0 � TD (t)TD (s)z0 =

=
Z t

0
T(t � � )D [TD (� + s) � TD (� )TD (s)] z0 d� :
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Then:

k[TD (t + s) � TD (t)TD (s)] z0k �

� M kDk
Z t

0
e! ( t � � ) k[TD (� + s) � TD (� )TD (s)] z0k d�

whence with g(t) := e� !t k[TD (t + s) � TD (t)TD (s)] z0k,

g(t) � M kDk
Z t

0
g(s)ds + "

where " � 0 is arbitrary. Therefore by Gronwall's Lemma

0 � g(t) � "eM kD kt 8t � 0 where " � 0 is arbitrary :

Thus g(t) � 0, whenceTD (t + s)z0 = TD (t)TD (s)z0 4 .

The C0-SG f T(t)gt � 0 � L (Z) is generated by A + D.

Denote by eA the generator of f T(t)gt � 0 � L (Z). We shall prove
that eA = A + D.
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For this purpose we establish: 8z0 2 Z

lim
h! 0+

h� 1 [TD (h) � T(h)] z0 = Dz0 : (5.12)

÷ Observe that h� 1 [TD (h) � T(h)] z0

(5 :3)
z}|{
=

= h� 1
Z h

0
T(h � s)DTD (s)z0 =

= h� 1
Z h

0
T(h � s)D [TD (s)z0 � z0] ds

| {z }
¡

+ h� 1
Z h

0
T(s)Dz0ds

| {z }
�! Dz 0 (h ! 0+) (Theorem 3.4)

where




 ¡




 � M kDk e!h

|{z}
! 1

�
1
h

Z h

0
kTD (s)z0 � z0k ds

�

| {z }
�! 0 (h ! 0+) as kTD ( t )z0 � z0 k2 C(0 ;T )

�! 0 :

Hence (5.12) holdsù
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Consider now

h� 1 [TD (h)z0 � z0] = h� 1 [T (h)z0 � z0] +
�

h� 1 [TD (h) � T(h)] z0
	

:

Then as was required

z0 2 D (A)
(5.12)
z }| {
() z0 2 D ( eA) and 8z0 2 D ( eA) : eAz0 = ( A + D)z0 :

(5.4) is true.

The generator A is a perturbation of A + D by � D i.e.
A = ( A + D) � D . Therefore exchangingTD (t) and T(t) by T(t)
and TD (t) in (5.3)

T(t)z0 = TD (t)z0 �
Z t

0
TD (t � s)DT (s)z0ds

i.e. (5.4) holds.
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Theorem 5.2 (Triangular generators). Let Z1 and Z2 be two
Hilbert spaces, and let for i = 1 ; 2: f Ti (t)gt � 0 � L (Z i ) be a C0{SG
generated byA i : D(A i ) � Zi �! Zi . Let moreover D 2 L (Z1; Z2)
and consider

Z := Z 1 � Z2 =

(

z =
�

z1

z2

�
: zi 2 Zi ; i = 1 ; 2

)

:

Then

A :=

"
A1 0

D A 2

#

: D(A1) � D (A2) � Z �! Z

is the generator of a C0{SG f T(t)gt � 0 � L (Z) such that

8z =

"
z1

z2

#

2 Z : T(t)z =

"
T1(t) 0

S(t) T2(t)

#"
z1

z2

#

(5.13)
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where

S(t)z1 =
Z t

0
T2(t � s)DT1(s)z1ds 2 L (Z1; Z2); t � 0

and

! 0 [T (t)] = max
i =1 ;2

! 0 [Ti (t)] : (5.14)

Proof. Z = Z 1 � Z2 is a Hilbert space with a scalar product

hz1; z0
1i Z1 + hz2; z0

2i Z2 :

Note that A = A + D where

A :=

"
A1 0

0 A2

#

; and D :=

"
0 0

D 0

#

with D 2 L (Z) and A : D(A1) � D (A2) � Z �! Z the generator of

199

'

&

$

%

a C0{SG f T(t)gt � 0 � L (Z) such that 8z =
�

z1

z2

�
2 Z:

T(t)z =

"
T1(t) 0

0 T2(t)

#"
z1

z2

#

:

By Theorem 5.1 A = A + D is the generator of a C0{SG
f T(t)gt � 0 � L (Z) such that

8z =

"
z1

z2

#

: T(t)z =

"
T1(t) T 12(t)

T21(t) T 2(t)

#"
z1

z2

#

and

T(t)z = T(t)z +
Z t

0
T(t � s)DT(s)zds z 2 Z :

Therefore 8zi 2 Zi i = 1 ; 2

T1(t)z1 + T12(t)z2 = T1(t)z1
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and

T21(t)z1 + T2(t)z2 = T2(t)z2 +
Z t

0
T2(t � s)D [T 1(s)z1 + T 12(s)z2]ds:

Thus for z2 = 0: T1(t) = T1(t) and

T21(t)z1 =
Z t

0
T2(t � s)DT1(s)z1ds := S(t)z1

such that for z1 = 0:

T12(t) � 0 and T 2(t) = T2(t) :

As a consequenceT(t) 2 L (Z) has the form (5.13). Let now
� 0 := max

i =1 ;2
! [Ti (t)] and " > 0. Then for i = 1 ; 2

kTi (t)k � M i" e( � 0 + " ) t (5.15)
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and with M 21" = M 2" M 1" kDk

kS(t)z1k � M 21"

Z t

0
e( � 0 + " ) t dskz1k

whence

kS(t)kL (Z 1 ;Z2 ) � M 21" e( � 0 + " ) t � t � K 21" e( � 0 +2 " ) t : (5.16)

Thus S(t) 2 L (Z1; Z2).

Moreover put ! 0 := ! 0 [T(t)], and note that with
kzk2 = kz1k2 + kz2k2:

kT(t)zk2 = kT1(t)z1k2 + kS(t)z1 + T2(t)z2k2 : (5.17)

Thus with z2 = 0
kT1(t)z1k2

kz1k2 �
kT(t)zk2

kzk2

202



'

&

$

%

giving

kT1(t)k � sup
z2 =0

kT(t)zk
kzk

� sup
kT(t)zk

kzk
= kT(t)k ;

and with z1 = 0 similarly

kT2(t)k � k T(t)k :

Therefore for i = 1 ; 2:
1
t

ln kTi (t)k �
1
t

ln kT(t)k such that for

t ! 1 ! 0 [Ti (t)] � ! 0, whence� 0 � ! 0.

Moreover by (5.17) and (5.15) { (5.16)

kT(t)k2 � k T1(t)k2 + 2 kS(t)k2 + 2 kT2(t)k2 �

�
�
M 2

1" + 2 K 2
21" + 2 M 2

2"

�
e2( � 0 +2 " ) t � K 2

" e2( � 0 +2 " ) t

where K " � 1.

Thus for t > 0:
1
t

ln kT(t)k � � 0 + 2 " +
1
t

ln K " , whence for
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t ! 1 : ! 0 � � 0 + 2 " , " arbitrary. It follows that ! 0 � � 0 and thus
�nally ! 0 = � 0 i.e. (5.14) holds.

Concluding Remarks

Although very technical in nature the course opens access toother
�elds such as in�nite-dimensional system theory, advancedresults
of partial di�erential equations, retarded equations, etcetera...

The main purpose has been the set-up of a correct mathematical
background for these �elds.
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